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1 Introduction

A slew of cosmological observations, from the temperature anisotropies in the cosmic mi-
crowave background radiation [1] to the light of distant supernovae [2, 3], point to a cosmic
history bookended by two periods of accelerated expansion. At early times we had inflation,
answering cosmological puzzles such as the horizon problem and providing the seed for
cosmic structure [4]. At late times, we have dark energy, driven by either vacuum energy or a
quintessence field in slow-roll [5, 6]. There is a huge hierarchy of scales between the two epochs
presenting challenges for model builders, with the low scale of dark energy raising further
questions about naturalness [7, 8], whether it is driven by vacuum energy or quintessence. In
between these two epochs, the universe evolved through a period of radiation domination,
followed by matter, the latter composed mostly of dark matter whose microscopic origin
has yet to be established [9, 10].

Identifying a consistent cosmological model inline with this cosmic history is one of the
most important goals of string cosmology (see [11] for a recent review). The greatest challenge
to this comes from realising accelerated expansion during inflation and today, together with
the right phenomenological scales. The main approach is to focus on the low-energy limit of
Calabi-Yau (CY) compactifications where the underlying supersymmetry, large volume and
weak string coupling guarantee control over the effective field theory. This framework has
led to several proposals for obtaining accelerated expansion from a de Sitter (dS) vacuum,



including anti-branes in warped throats [12-14], D-terms [15, 16], T-branes [17-22], F-terms
of the complex structure moduli [23], non-perturbative effects at singularities [24], and o/
contributions [25]. Nonetheless, the existence of stable de Sitter vacua in controlled string
compactifications has been challenged via some conjectures [26-28] and no-go theorems in
certain approximations [29-36]. For further discussion on the status of de Sitter vacua in
string theory, see [37] and [38].

This does not mean that it is any easier to obtain a dynamical model of accelerated
expansion since in [39, 40] we showed that quintessence models have the same control issues as
dS constructions with however extra phenomenological constraints. In fact, building on earlier
work of a similar spirit [41-45], in [39] we showed that accelerated expansion is not possible

in the parametrically controlled regime at the boundary of moduli space.’

This negative
result has been extended to the multi-field case with canonical kinetic terms in [47, 48]. Steep
potentials could, however, still provide accelerating solutions once the kinetic coupling to
axionic degrees of freedom is taken into account [49-51], even if no solution consistent with
late time observations has been found so far [52].

This analysis shows that quintessence needs to be realised in the bulk of moduli space
where numerical control could still be retained in a consistent expansion in small parameters
(e.g. inverse volume, string coupling) [40]. However, even if late time acceleration might
naively seem relatively easy to realise since it requires only one efolding of acceleration, as
opposed to 50 to 60 efoldings at early times, the fact that the quintessence field has to be
ultra-light with mass m ~ Ho ~ 107% M, yields a few model building challenges [45]: (i) how
can fifth forces be avoided? (i7) how can such a low mass scale be radiatively stable? (iii) how
can this tiny mass be obtained keeping the string scale and the soft terms above the TeV scale?

In [40] we argued that these challenges can be successfully addressed if the dark energy
field is an axion which enjoys a perturbatively exact shift symmetry. Being an axion, this
field would not lead to any observable fifth force. Moreover, the smallness of its mass with
respect to the one of the other moduli (which need to be heavier than about 1 meV to avoid
fifth forces) and its radiative stability are naturally explained by the fact that axions acquire
mass only via exponentially suppressed non-perturbative effects. Due to this observation,
in [40] we developed a blueprint for a consistent model of quintessence in perturbative string
theory which can be presented generically in terms of the underlying scalar potential

V= Veol(V) + Vint(0,V) + Viate(¢, V) - (1.1)

This potential has a hierarchical structure since it is split into a leading order contribution
for the volume mode Vi (V), a correction for inflation at early times Vin¢(o, V), and a much
smaller potential for quintessence at late times, Viate(®, V). Here the volume of the internal
Calabi-Yau manifold is given by V, the inflaton by ¢ and the quintessence field by ¢.

As we cannot achieve phenomenologically viable acceleration at the boundary of moduli
space, we step into the bulk and expand in small parameters. In particular, the blueprint
states that:

n [46] the same problem is addressed in F-theory. While the approach certainly has its merits, the
authors merely look for acceleration rather than observationally viable acceleration, a much more constraining
requirement. Furthermore, as the authors acknowledge, [46] does not tackle moduli stabilisation, without
which robust observational signatures cannot be derived from the underlying string model.



« at leading order, V,0(V) should admit a non-supersymmetric near Minkowski vacuum
with two flat directions, o and ¢.

o at sub-leading order, Vin¢(o, V) should contain an inflationary plateau at high energies
Vint(0, V) ~ 3HZ M2 > (MeV)*, while ¢ should still remain flat.

o at sub-sub-leading order, Vjatc(¢, V) should be generated by non-perturbative corrections
that lift ¢ at the cosmological constant scale, Viae(¢, V) ~ 3Hg M7 ~ (meV)*.

Note that Viue(o,V) > Vate(0, V) can be naturally realised if the inflationary potential is
generated by perturbative effects, as in [53-60]. In this perspective, the hierarchy between
the inflationary and the dark energy scales would be induced by the underlying hierarchy
between perturbative and non-perturbative corrections to the effective action. Moreover,
Veol(V) > Vipe(o, V) guarantees that these models are not at risk from decompactification
when inflationary corrections are included [61]. Note, however, that the inflaton does not
necessarily need to be distinct from the volume mode, as in [62-67]. In this case, the
condition Vie1(V) > Vipe(o, V) can clearly be relaxed.

The purpose of this paper is to present an explicit model inspired by our blueprint in
case future observations favour dynamical dark energy over dS models, with the recent results
of the DESI collaboration suggesting this could well be the case [68]. We work with type IIB
string theory and focus on the Large Volume Scenario (LVS) on a K3-fibred Calabi-Yau [69-
71]. The volume is stabilised at leading order in a non-supersymmetric Minkowski vacuum.
Thanks to the fibration structure, the large Kéhler moduli admit a direction that is flat even
in the presence of o® corrections. This flat direction can then be lifted using loop corrections
to the Kéahler potential or higher derivative contributions to the scalar potential, giving rise to
Fibre Inflation [53-59] at around 10'3 GeV. As studied in [72-74], the perturbative decay of
the inflaton after the end of inflation reheats the Standard Model which can be realised with
either D7 or D3-branes. The post-inflationary evolution determines the number of efoldings
of inflation which turns out to be N, ~ 52. A small amount of dark radiation compatible
with data is sourced by relativistic ultra-light axions produced from the inflaton decay. Dark
matter can come from primordial black holes [75, 76], or a QCD axion on D3-branes with
a decay constant below Hiyf, avoiding isocurvature bounds [74].

The dynamics of the late universe is generated from non-perturbative corrections to the
superpotential in order to have the required hierarchy between inflation and dark energy,
making the quintessence field as light as the Hubble scale today. For the fibred case
considered here, this generates a potential for the two axions associated to the two large
moduli. Generically, the potential for an axion is too steep to be able to drive quintessence
even if, in principle, one could still obtain an accelerating solution if the axion sits very close
to the maximum of its potential. As shown in [40, 77], quantum diffusion during inflation
would very quickly move the axion away from the maximum.

In order to avoid this diffusion problem, for Hi,s > 10 GeV, one needs a relatively large
axion decay constant, f 2 0.1 M,, which can still be achieved in a controlled effective field
theory where all moduli are large in string units. However, for a standard instanton with
action S, the weak gravity conjecture gives f.S < O(1) [78], implying that S would be too
small to reproduce the correct cosmological constant scale. We overcome this problem by



exploiting poly-instanton corrections to the superpotential [79-82] which can lead to a very
suppressed axion potential even for a large decay constant.”? These corrections naturally
generate a hierarchy between the two axions. The lighter of them drives quintessence at the
right dark energy scale, while the heavier is a spectator field with negligible contribution to
dark matter since it starts oscillating after matter-radiation equality.

We also analyse the case where the values of the UV parameters are such that the decay
constants of both axions are of order 0.01 M. In this case, applying to quintessence the axion
alignment mechanism developed for inflation in [84-86], with a modest amount of alignment
we can make the decay constant of one of the two axions large enough to sustain acceleration
for a large range of initial conditions that are not destroyed by quantum diffusion during
inflation. The lighter axion plays the role of quintessence while its heavier cousin corresponds
to a small fraction of dark matter (around at most 5%). Concerns about violations of the
weak gravity conjecture are avoided using an additional instanton correction that only has
a negligible effect on the dark energy dynamics [86, 87].

The rest of this paper is organised as follows: in section 2 we present our main setup
where the axion dynamics is determined by poly-instantons. In section 3 we discuss the
relevant phenomenological constraints on the parameters of our model. In particular, this
includes constraints on inflation, reheating, dark energy and dark matter. Finally, in section 4,
we conclude. Appendix A provides the details of the alternative scenario based on axion

alignment.

2 The setup

We consider the 4D low-energy supergravity effective limit of type IIB Calabi-Yau compactifi-
cations. As the complex structure moduli and the dilaton are stabilised by fluxes at tree-level,
we focus just on the Kéhler moduli T; = 7; + i6;. Their Lagrangian is given by

L= —-K;0,T;0"T; - V. (2.1)

The Kéhler metric K;; = 0;0;K is given in terms of the Kahler potential K, with 9; denoting
partial differentiation with respect to the Kdhler modulus 7;. The standard F-term scalar
potential is given in terms K and the superpotential W as

V = [KTDWDW — 3| W 2 (2.2)

where D;W = 0;,W + W0;K is the Kéahler covariant derivative and K i is the inverse of
the Kéahler metric.

Our proposed model is an LVS compactification on a fibred Calabi-Yau. As usual, we
work with the dimensionless internal volume in Einstein frame, expressed in units of the
string length ¢, = 27v/a’. In terms of 2-cycles, this is given by (see [57-59, 71] for explicit
K3-fibred CY examples):

V= gt1t§+gt§,

2Poly-instanton corrections have already been used in [83] to build a quintessence model where however

(2.3)

the dark energy field is a saxion.



where t5 < 0, and k and k are the CY intersection numbers which are positive integers. We
can also express the volume in terms of the corresponding 4-cycles, by writing

— [T — — 24
Norhah 3\/;T 24

and identifying

T =

gz ]; 3 nggzzzktltz, Tszgzzgtg. (2.5)
As shown in [88], a CY threefold whose volume (2.3) is linear in ¢; features a 71 4-cycle which
is a K3 or T* divisor fibred over a P! base with volume given by ;.

At tree-level, the Kéhler potential is given by K = —21In) and the superpotential by
W = Wy. This yields a vanishing scalar potential due to the well known no-scale structure.
We therefore include a number of corrections to lift the Kéahler moduli, specifically:

e Perturbative corrections to the Kahler potential:

3
K—>—21n< 23/2>+K5 (2.6)
gs

coming from o’ terms in the effective action as well as string loops. The correction
proportional to & comes from the dimensional reduction of 10D o/? terms which scale
schematically as R*+ R3G3. Tt is controlled by ¢ = — (23)§‘ where  is the Euler number
of the Calabi-Yau [89].% The behaviour of the loop corrections has been conjectured

from insights from a toroidal computation and effective field theory arguments, leading
to [91-95]:
U U)t+

ng + Z (2.7)

In the closed string channel, these corrections can be seen to arise from the tree-level
exchange of Kaluza-Klein strings between parallel D7-branes (with tl-l denoting the
volume of the transverse 2-cycle) and winding strings at the intersection among D7-
branes (with §' denoting the volume of the intersection locus). C and C' are unknown
functions of the complex structure moduli U, which can be considered as constants
since the U-moduli are fixed at tree-level. For the fibred case at hand, the relevant ¢;-’s
are t1 and to, while t' corresponds just to ta, the volume of the intersection between
a D7-stack wrapping the 4-cycle with volume 7 and another D7-stack wrapping the

divisor with volume 7.

o Higher derivative corrections to the scalar potential V' — V 4 V4:

It; (2.8)

3Note that N = 1 /3 corrections can cause a shift of the CY Euler number [90].



coming from the dimensional reduction of 10D o’® contributions which scale as R2G4 [96].4
Here X is an unknown combinatorial number that is expected to be negative and of
order 10~% in absolute value [73], while the II; are topological quantities with positive
integer values. In particular, the 71 modulus has II; = 24 if the corresponding 4-cycle
is a K3 divisor, or II; = 0 if it is a T4 [73].

» Non-perturbative corrections to the superpotential, W — Wy + Wyp:

— — —a1Ty
Wap = Age asTs + Ase axT> +Are

= Age T 4 Agem®2Te 4 Ay A e~ (02 TetanTh) (2.9)

coming from Euclidean D3-brane instantons (a; = 27) or gaugino condensation on a
stack of N; D7-branes (a; = 2m/N;) [97]. Note that the T}-dependent non-perturbative
correction is a poly-instanton contribution to W that arises as an instanton correction to
the gauge kinetic function of the D7-stack wrapping the Ty-cycle [79-82].> Recall that
the 71 divisor can be either a K3 or a T*. However, as pointed out in [82], only the K3
divisor has the right zero mode structure to generate a non-perturbative superpotential
of the form (2.9). We shall therefore focus on this case and set II; = 24 in what follows.
In the second line of (2.9) we have neglected terms which are exponentially suppressed.
Here we consider up to three stacks: one required to implement moduli stabilisation
in LVS, wrapping only the small cycle modulus T}; two more wrapping only the large
cycle moduli, 71 and 75, giving rise to a rich axion phenomenology at late times.

When we bring all of this together, the kinetic part of the Lagrangian (2.1) takes the following
form to leading order

1

Ciin = —41 [(9m1) + (991)%] - 21 [(9m2)* + (902)°) - NN [(97)? + (96,)°]

(2.10)
The scalar potential can also be computed at leading order, and then decomposed in the
form along the lines of (1.1), with

V= Vvol+‘/inf+viate- (211)

Here the leading order LVS piece required to stabilise the volume is given by

6—2(157'5

—4]W0|Asas7's%cos(a593)+4\/2]§:A§a§ T (2.12)

ko 3¢Wo?

V;/ol =
yrooy gg/ 23

where we have included an uplifting contribution with 0 < n < 3 to achieve a Minkowski
vacuum by an appropriate tuning of the positive parameter . In particular, just to quote
some examples, n = 4/3 for an anti-D3-brane at the tip of a warped throat [12], n = 8/3
for T-branes [17] and n = 2 for complex structure F-terms [23]. Moreover, we have set the

4Throughout this paper we will always set the overall prefactor of the scalar potential equal to unity,
effes g/ (87m) = 1.
5This D7-stack is fictitious when the Ts-cycle is wrapped by an instanton, i.e. when No = 1.



Planck mass M, = 1 and we have further assumed, without loss of generality, Wy = —|Wp|
and that Ag is real and positive.
The inflationary correction is given by

Vit = (2.13)

V3

|[Wol? <Bl Wol>  V2kC e |W0|2\/ﬁ>
1

where we have defined the constants B; = || H,-/g;f’/?, for i = 1,2 (taking A < 0). Note
that this potential does not include Kaluza-Klein loop corrections (the terms proportional to
C; in (2.7)) that have been used to generate the potential in the original version of Fibre
Inflation [53] and in [54, 57]. Following [56], we did not include them since they enjoy an
extended no-scale cancellation [94], and so their leading contribution to the scalar potential
vanishes, leaving a non-zero contribution to V' that, counting powers of g, effectively looks like
a 2-loop effect. For consistency, this would require us to also include 2-loop corrections to K
in (2.7) explicitly, but these are currently unknown. We stress that neglecting these corrections
does not modify inflation qualitatively since, as we shall see, in the inflationary plateau the
dominant term is the winding loop correction proportional to C which is the same term that
dominates the inflationary dynamics in the original Fibre Inflation model [53]. Further, the
higher derivative corrections ensure that the inflationary potential has a minimum.

Finally, the late time correction to the scalar potential is given by

4Wo|A —aor
Viate = —|VO2‘2 (ag 72) e~ 2™ cos (azf-)
4 Ao A
—|VV[;L221 (ag 2 + a111) e~ (a2m2taim) g (agbs + a161) (2.14)

where we have again assumed, without loss of generality, that A; and A, are both real
and positive. Note that we have kept the leading order terms and dropped those that
are relatively suppressed, at least in the limit of large volume and when we respect the
hierarchies 7o > 7, and 71 2 7s.

We now consider the dynamics of this theory, including the stabilisation of the Kéhler
moduli and the dynamical rolling of some, giving accelerated expansion at both early and
late times.

2.1 Volume stabilisation

We begin with the stabilisation of the volume. To this end, we can neglect subleading
contributions from Vi,r and Viute and focus exclusively on V4. The axion of the small 4-cycle
is fixed at as(0s) = 2cm with ¢ € Z, with the corresponding square mass given by

Ts

mg. ~ 8\/ 2k [Wo|AsalT 3/26 i (2.15)

This leaves us with a leading order volume potential of the form

—2a5Ts

3EIW; 2 —QasTs
Vi = 2 3EWl 4| Wo A, CLsTseV + 4y 2k A2a2 T & (2.16)

yn gg/?v



We now minimise along the V and 7, directions, and tune the uplift x so that the potential
vanishes at the minimum, 0y Vyo1 = 97, Vol = Vol = 0. This is consistent with the assertion
that the volume should be stabilised at a non-supersymmetric (near) Minkowski minimum,
and yields three simultaneous equations that are solved by

17.1/3 2/3 2
Lo RPEE WOV gy 96

5) o , VYV = , R ViRl (27)
29 2V 2k Asas 8(3 — n)gs *as(rs)

After imposing this solution, the small axion mass goes as

- [Wolas(7s)

me, v )

(2.18)
and so it is of order of the gravitino mass mg/, >~ [Wy|/V. The masses for the saxions can
be easily obtained after rewriting the kinetic Lagrangian in terms of the volume mode and
the mode orthogonal to the volume, ¥ = In(71/72)/v/3 = (£) + o, which we have expanded
around its minimum (X). The kinetic terms for the saxions can now be written as

1 olnVy 1
Liin > —5 (9lV, dlnr,) K — ~(90)? (2.19)
2 0ln 7y
where
2 _
3 ~
K= a2 :{%} v (2.20)

S VeEy 2vekvy

The orthogonal mode, o, is clearly massless and will only be lifted by inflationary corrections.
To obtain the masses of the other two moduli, we compute the Hessian, H, of V. by
differentiating with respect to In )V and In 74, and compute the eigenvalues of the corresponding
mass matrix K 'H. The result for the large and small moduli is respectively:

mi ~ \/g\/w and m2 ~ (WM)Q . (2.21)

3a,)3 Ts Y

2.2 The early universe

We now consider the inflationary correction in the early universe. With 75, 85 and the volume
already stabilised, we take the inflaton to be the mode orthogonal to the volume, namely
Y = In(r1/m2)/V3 = () + 0. The inflaton potential can now be written as

BiWol* | —2z(m4o) _ 2K)PCVYE 1 (m)e) | 2B2 L (D)t0)
. — _—u7ol 73 S Sl 220
Vint(o) (2k)1/3 e e V3 B [Wol? e V3 + B, evs .

(2.22)

We now fix (X) from the requirement that this potential is minimised at the origin, o =
0, giving

_AD (2k)2BOVYS L& By &
3 -~ 7 - Vi — —Zev3 =) 2.23
2B, |[Wo2 © B¢ ’ (2.23)



and suggesting e~ (E/V3 L PL/3, However, it is convenient to use this equation to eliminate
the flux dependent constant C, rather than (X), from the inflaton potential, allowing us
to write the latter as [53, 56]

— 20 - g
Vinelo) =V le V3 —2e \/§—|—2RCOSh(>:|, 2.24
i) =V 7 (2.24)
where A
Bl|W0‘ _@ 2B, NeTo> 2115 <7'1>

Vo= e V3 d  R=""2ev3E =200 2.25
O @R)Ayns© o B ¢ M (m) (2.25)
The value of the inflaton potential at the minimum, Vi,¢(0) = —Vp (1 — 2R) is non-vanishing,.

However, if we re-tune the uplift x accordingly
k= k+ Vo (1—2R)V", (2.26)

the minimum of the inflaton potential is effectively shifted to zero, so that we now have

Vint(0) = Vo {(1 - e*%)Z — 2R (1 — cosh (\%))] . (2.27)

The slow-roll parameters can now be computed directly, giving

oLty T e R sih () -
2 \ Vint 3 (1—6 \/5) - 2R (1—cosh (%))
. o _ 2 e Vi —2¢ V5 — R cosh (%) ‘ (2.29)

Ving 3 (1—67%)2—27?, (1—cosh (%))

When ¢ < 1 and |n| < 1, these feed into the standard observables corresponding to the
amplitude of scalar perturbations, A, the corresponding spectral index, ng, and the tensor
to scalar ratio, 7:

Vvinf
2472e

s = ns =1+ 2n — 6e, r=16¢. (2.30)

The best fit of Fibre Inflation to cosmological data has been studied in [98]. Here we
just note that for 0 < R < 1, which can be achieved for 0 < IIy <« II; and/or (11) < (T2),
we can consider three regimes for large o, as shown in figure 1. The first is the asymptotic
regime for which e Vi < R < 1 where ¢ ~ 1 /6 and n ~ 1/3. The corresponding spectral
index, ns =~ 2/3, violates the observational constraint, ns = 0.9649 =+ 0. 0042 [99]. Movmg the

inflaton 1nwards we now consider the intermediate regime, for which e v <KR<Ke R < L
This gives € ~ 5 2 and n ~ %Re\f > 0, resulting in a blue spectrum for scalar perturbations,
again ruled out by observations [99]. The final regime of interest corresponds to an even

20
smaller value of the inflaton, with 0 < R < e v3 <« 1. This also gives € ~ %772 although

2

now with n ~ —% ¢ V3. This yields a red spectrum for scalar perturbations that can be

compatible with data. We will say more about the phenomenological constraints for this



Figure 1. Form of the inflaton potentlal (2.24) for R = 0.0001. The black region corresponds
to the asyrnptotlc regime with e Vi <« R < 1. The blue region is the intermediate regime with
e -% <R < e Vi < 1. The red reglon is the regime with R < e~ % < 1. The black diamond
corresponds to the point where e~ 7~ 0.0246, yielding observationally viable inflation.

viable regime in section 3. For now, we note that once inflation ends, the inflaton will oscillate
about the minimum of its potential with square mass

2 2
m§:§vo(1+7e):§vo. (2.31)

The perturbative decay of the inflaton then leads to a radiation dominated era. The details of
the reheating process depend on the underlying brane construction which realises the Standard
Model. There are three possibilities: (i) the SM lives on D7-branes wrapped around the
inflaton [72]; (#¢) the SM is on D7-branes wrapped around a blow-up mode in the geometric
regime [73]; (i73) the SM is on D3-branes at a Calabi-Yau singularity [74]. In all cases, the
resulting number of efoldings of inflation is around N, ~ 52, which would correspond to
e~ V8 ~ 0.0246 for R ~ 0.0001. On top of SM particles, the inflaton decay produces also
relativistic bulk closed string axions which behave as dark radiation. Their contribution
to effective number of neutrino species, Neg, is however tamed by the inflaton decay into
SM gauge bosons and Higgses. Interestingly, due to the high supersymmetry breaking scale
(even in the presence of sequestering for D3-branes), if stable, neutralinos would always
overproduce dark matter. Hence R-parity has necessarily to be broken, allowing these heavy
modes to decay [100]. Dark matter could instead be given by primordial black holes [75, 76],
or by the QCD axion realised as the phase of an open string mode on D3-branes [74]. In the
latter case, the QCD axion could have a decay constant below the inflationary Hubble scale,
allowing it to avoid isocurvature bounds. On the other hand, as we shall see in section 3.4
and appendix A.3, fuzzy dark matter produced via the misalignment mechanism is not a

,10,



viable option here since the contribution of ultra-light bulk axions to dark matter is negligible
given that they either start oscillating after matter-radiation equality, or their abundance is
bounded by a combination of isocurvature and theory constraints.

2.3 The late universe

We now fast forward almost 14 billion years to the modern day and consider the dynamics
of the late universe. Thanks to the hierarchical change in scale, the late time behaviour
stems from non-perturbative corrections. With all saxions now stabilised along with the
axion fg, the late time scalar potential (2.14) is given by

Viate = A3 [1 — cos (agf)] + AT [1 — cos (az8z + a16:)] (2.32)

where we have adjusted the uplifting contribution to obtain a Minkowski vacuum and we

have defined

4|Wh| Asg
V2

A3

az(me) e7%2(™) > A1 = Aj (1 + 4 <Tl>) Apemarin), (2.33)
CL2<7'2>

The contribution proportional to A} is subleading with respect to the one proportional to Aj
due to the additional e=%{™) suppression factor (for natural O(1) values of A;).
The kinetic terms for the two dynamical axions at late times are given by

1 1
Liin D _W<891)2 — W(802)2 . (2.34)

Since 11 and 79 are stabilised at late times, we can readily introduce the canonical fields:
91 = \/§ <7‘1> (Z)l and 92 = <7‘2> (Z)Q . (2.35)

In terms of the canonical fields, the late time potential (2.32) takes the form

Viate ~ A3 [1 — cos <¢f5§)] + Af {1 — cos <(§)?11 + f‘jﬂ (2.36)
where fi= M and fo= N . (2.37)

2v/27 (1) ~ 2m(r)

In section 3 these expressions for the decay constants will allow us to easily compare with
observational constraints on ultra-light axions.

As we will see in a moment, at leading order, this potential depends just on ¢ and
the axion ¢ is an exactly flat direction. Hence ¢; behaves as a natural candidate to drive
dynamical dark energy once the subleading contribution is included. Quintessence can be
realised around the saddle point where the ¢, direction is stable while ¢; is around the
maximum of its effective potential.

Recalling that As > A, the mass hierarchy around this saddle point is

A

f2

mo =~

(2.38)

2
>>|m1\:f—11.
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Due to this hierarchy, the leading order potential looks like

V(p2) ~ A3 [1 — cos @zﬂ (2.39)

The heavy mode ¢y can therefore be integrated out by setting it to its minimum at (¢s) = 0.
The effective potential for the light axion ¢; then becomes

V(¢1) =~ A [1 — cos (?)} (2.40)

In this scenario, the heavier axion ¢s is stable and oscillates about the equilibrium point, in
principle providing a possible candidate for dark matter today, although as we will see in
section 3, its abundance is tiny. On the other hand, the light axion ¢, is displaced from its
minimum and plays the role of the quintessence field. The corresponding slow-roll parameters
go as € =~ |n| ~ 1/f2. Note that 7 is small in absolute value, and so the light axion can
be identified with a quintessence field in slow-roll.

3 Phenomenological constraints

Having described our setup and the corresponding dynamics for volume stabilisation, inflation
and late universe cosmology, we now impose a number of phenomenological constraints on
our model in order to pin down a consistent set of parameters and to extract any important
predictions.

3.1 Mass spectrum
The string scale is given by
1/4
M, = 9" M,
° VAary

This is lower than the Planck scale in the limit where the effective field theory is under

(3.1)

control, i.e. for perturbative strings gs < 1 at large volume V > 1. Further, the Kaluza-Klein
scale associated with the (isotropic) compact extra dimensions is given by

KT VAmves

Both the Kaluza-Klein and the string scale should exceed the scale of all the moduli masses in
order to trust the low-energy effective theory described in section 2. An important reference

My (3.2)

scale for the moduli mass spectrum is the gravitino mass

|Wol My
=

In order to be consistently decoupled during the early accelerated expansion, all moduli

M3 ™ (3.3)

associated with the stabilisation of the volume should have masses above the scale of inflation:

‘/inf Vb
His ~ ~ . 4
f \/ 302 \/ 3M2 (34)
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Since the overall volume is much larger than one in string units and the string coupling
is small, it follows that

me, ~ Mz, ~ M3/ > My > Mg ~ Hing > mg > mq ~ Hy, (3.5)

where the masses of the moduli and the axions are given by (2.18), (2.21), (2.31) and (2.38).
To safely comply with constraints from the muon anomaly, the gravitino mass is bounded from
below by m3/ 2 0.1 meV [101]. This is automatically satisfied in the present model since
in section 3.2 we will see that inflationary constraints fix V ~ 10 which, for |Wy| ~ O(1),
gives mg/p =~ 10'5 GeV. The scale of supersymmetry breaking is therefore very large. Even
in a sequestered scenario with the MSSM realised on D3-branes [102], the scale of the soft
terms would be very high, M ~ 100-10' GeV.

3.2 Inflationary constraints

We begin with the inflationary observables. The amplitude for scalar perturbations, the
corresponding spectral index and the tensor-to-scalar ratio are given by [99]
‘/inf

As = 247r2M;}e

~209%x1077, ng=142n—6e~0.9649,  r=16e < 0.056. (3.6)
_ 20

At the end of section 2.2 we presented a viable inflationary scenario with R < e v3 « 1

throughout the observably relevant range, where o is the canonical inflaton field and R is

given by (2.25). This gave € ~ 31? < ||, with n ~ —% e V3, with the following predictions

for the two main cosmological observables:

ns~0.9672 and 7~ 0.0079 (3.7)

for R = 0.0001 and N, ~ 52 (corresponding to 67% ~ 0.0246), as given by the study of the
post-inflationary evolution of our model. The scalar spectral index is in perfect agreement
with data and the predicted value of the tensor-to-scalar ratio is at the edge of detection.

Recall that the inflaton is given in terms of the ratio of the large Kéhler saxions, as

&)
o =1In(r1/m2)/v3 — (X). In principle, the factor of V3 can be obtained as a root of (2.23).
To find that root, we rewrite that equation as

- E B (Qk)Q/Sévl/B

=)
Vi =0(. .
>~ amwe ¢ T (38)

For R <« 1 and using V ~ (2k)f1/2‘/7'172, this equation is now easily solved to a good
approximation as

(=) 2 22
eA ~ 2BUWOIE % <31|va%|> , (3.9)

(2k)2/3C V1/3

where (71) denotes the value of 71 at the post-inflationary minimum. During inflation, V is
fixed while 71 changes. At CMB horizon exit at N, ~ 52, one obtains

2
1 = (1) ev3’ ~ 1650 (11). (3.10)

We have now collected all the relevant information to derive two constraints on the UV
parameters of our model from inflation:

,13,



1. Amplitude of density perturbations: for the field value (3.10), e ~ 0.0005 which,
when combined with the scale of scalar perturbations (3.6), gives the scale of inflation
to be

Vvinf

BMg

Hine = ~0.9x 1075 M, ~2 x 10" GeV . (3.11)
In order to relate this to the parameters of our model, we evaluate Vi,r at CMB horizon
exit with V given in (2.25) combined with (3.9), obtaining a constraint on the volume

o\ 1/3
kO > . (3.12)

~ 12 —_—
—r.

2. Taming of steepening corrections: as we have already stressed, the inflationary
potential (2.27) can yield enough efoldings of slow-roll inflation if the positive exponential
term inside the cosh is multiplied by a small prefactor. If the topology of the m
divisor is such that IIs = 0 [73], the prefactor R actually vanishes since (2.25) gives
R = 0. However, here and in section 2.2 we have focused on a numerical example with
R =~ 0.0001 which clearly requires IIs > 0. Recalling that II; = 24 for a K3 divisor, we
obtain the following relation between the two large saxions:

(12) . (3.13)

3.3 Dark energy constraints

We now consider how the parameters of our model affect the details of its late time cosmological
behaviour. Reproducing the correct dark energy dynamics imposes two further constraints:

1. Accelerating solution: as discussed in [40], axion hilltop quintessence with sub-
Planckian decay constant is only viable if the axion stays close to the corresponding
hilltop. Due to quantum diffusion during inflation, the light fields will typically be
displaced by A¢ ~ Hiys from their initial position. We introduce Apax(f1), which
measures the maximum allowed displacement of the axion from the hilltop compatible
with current bounds on the dark energy equation of state parameter for a given decay
constant f. In particular, for an axion model with a potential of the form of (2.40),
we numerically evolve the field ¢1, starting out during matter domination with zero
velocity from an initial point displaced a distance §¢; from the hilltop. For each choice
of decay constant, we then compute the largest value of d¢; yielding an equation of
state of dark energy at late times that has w consistent with the bounds of [103]. This
is what we mean by Apax(f1) - more details can be found in [40]. Of course, these
conclusions will be modified slightly if we impose instead the constraints from DESI,
although we do not expect them to qualitatively change much. A more detailed analysis
of our model in the context of DESI will be left for future work.

Generically for Apax(f1) > Hinf ~ 10*5Mp the initial conditions for the dark energy
axion are not spoilt by quantum diffusion during inflation. As can be seen from
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Figure 2. Maximum displacement from the hilltop compatible with bounds on the dark energy
equation of state parameter as a function of the decay constant f. The dashed line corresponds to
the scale of inflation in the present model, Hi,s ~ 1075 M,,, while the grey region denotes the viable
parameter range: Ayax(f) > Hint

figure 2 (where f should be identified with f;), this implies that for the present model
f1 2 0.08 M,. Let us therefore set:
fi~008M, < (rm)~1324N; (3.14)
2. Dark energy scale: the scale of dark energy is set by the size of the late time potential
at the corresponding saddle, giving
Al ~ 107" M) (3.15)

Setting in (2.33) natural O(1) values of the UV parameters as [Wy| = A; = Ay =1,
together with f; =~ 0.085 M, from (3.14) and V ~ 900 in compatibility with (3.12), this
gives:

f2~ 00038 M, < () ~41.56N;. (3.16)

Therefore the masses of the two ultra-light axions from (2.38) become:

A2
My ~ 72 ~1.8x 10790 M, ~ 4.5 x 1072 eV
2
A2
|my| ~ f—l <1.2x 107 M, ~ 2.9 x 107326V . (3.17)
1

3.4 Dark matter constraints

Given that my ~ 1072? eV, the heavier axion ¢o starts oscillating after matter-radiation
equality which occurs at a Hubble scale of order Heq ~ 1074 M, ~ 10727 V. Hence ¢ cannot
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compose all the dark matter. In fact, its contribution to dark matter via the misalignment
mechanism is [104]:

2
Q 3 /(6
S 3 (092) (3.18)
Qn 2\ M,
Note that we expect
Hinf -6 6¢)2
~14x107° < —= < < 0.012 3.19

with the lower bound coming from quantum diffusion during inflation [40, 105]. Plugging
this in (3.18), we obtain the following upper bound for the axion dark matter fraction:

i) < 0.0002 (3.20)
Qm
which implies a negligible contribution to the dark matter abundance.
Given that fo > Hiuf, the Peccei-Quinn symmetry for ¢9 is broken during inflation, and
so the abundance of axion dark matter is subject to isocurvature constraints. In fact, the
axion ¢9 generates isocurvature perturbations whose amplitude goes as [104]:

2 2
Q2 \? ( Hune \> 9 [ Hin dpo _15 Ar _6
— (22 ~Z 092) <o7x1 AL <13x1
Aj (Qm> (M@) 1\ 7o, M, © 7 % 10 = A, S 3x 1077,
(3.21)

which is perfectly in agreement with the current observational bound A;/As < 0.038 [104],
with 4, ~ 2.09 x 107°.

3.5 A numerical example

Combining the two inflationary constraints (3.12) and (3.13) with the two dark energy
constraints (3.14) and (3.16), we can fix the four quantities (1), (72), N1 and Ny in terms
of the underlying parameters k, Ilo, C and B;.

Setting IIs = 1, one can write (3.13) in terms of (3.14) and (3.16), finding:

(11) N Ny
—= ~0.032 — ~0.0012 < — ~0.038. 3.22
(T2) Ny No (3:22)

The lowest natural numbers which satisfy this condition are N; = 1 (as for a typical poly-
instanton correction) and No = 27. Plugging these numbers in (3.14) and (3.16), we obtain:

(r1) ~1.324 and (1) ~41.56 Ny ~ 1122. (3.23)

These values can be plugged in the CY volume (2.4) with £ = 1 (all known fibred CY
examples have k ~ O(1 — 10) [57-59, 71]), k = 1 and (7,) given in (2.17) with g, = 0.1
and £ = 0.5 (as for a typical CY threefold), obtaining V ~ 900. This value of the internal
volume has to be reproduced by (3.12), implying:

By ~2.65C? . (3.24)
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Moreover (71) ~ 1.324 should also match (3.9) combined with (3.24), giving:
C? ~0.095 |[Wy|™* . (3.25)

For |Wy| = 1, these two conditions imply C ~ 0.3 and By ~ 0.25 which can be obtained for
|A| =~ 3.3 x 107* that is of the expected order of magnitude [73].

One may wonder whether (71) ~ 1.324 is large enough to trust the effective field theory.
We shall now argue that this is indeed the case. In fact, the two main conditions which we
have to check for a relatively small (r;) are the following:

1. Stringy effects can be neglected when all 2-cycle volumes are much larger than the
string scale, corresponding to [106]:

1
> —— ~008 L=01 Vi=1,23. 26
|ti] > eV 0 or  gs=0 i 3 (3.26)

In our case the most relevant condition is the one for i = 2 which becomes (for k = 1):
(to) = 1/2(m) ~ 1.63 > 0.08. (3.27)

and so stringy effects can be safely neglected.

2. String loop corrections to K are subdominant with respect to o’ effects when:

Vi
|Vl°°;” <1. (3.28)
a/

In our case this condition is also easily met since for our parameter choice:

Vieop|  4v/2k Cg2/?

V3 - 3{@

This parameter choice is characterised by O(1) values of all microscopic parameters except
for No which has to be at least 27. This is required by the R ~ 0.0001 condition (3.22).
However this condition can be relaxed if the 7 divisor is such that IIs = 0 since one would

~0.032 < 1. (3.29)

automatically obtain R = 0. As studied in [73], there are a few divisors with this property:
dP3, T* and divisors with Wilson lines. In this case, Ny can be smaller. For example
N; = Ny = 10 would lead to V ~ 1056, (1) ~ 415.6 and (1) ~ 13.42 which improves the
control over the effective field theory.

4 Conclusions

Explaining cosmic acceleration compatible with observations in the early universe and today
is still a formidable challenge. As far as acceleration in the late universe is concerned, the
simplest explanation seems to rely on a de Sitter vacuum, even if very hard to achieve
explicitly. In fact, dynamical dark energy models possess additional problems, such as
unobserved fifth forces, perturbative stability of the quintessence potential, and obtaining
the right cosmological constant scale without too much lowering of the mass spectrum for
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string and Kaluza-Klein modes, supersymmetric particles and moduli below the TeV scale.
However, future cosmological observations might point towards a dynamical dark energy
model, not least in light of the tantalising results of the DESI collaboration [68]. It is
therefore crucial to build quintessence models that can match data and be embedded in
a consistent UV theory like string theory.

In this paper we made progress in this direction by presenting a string model which
can describe the history of the universe from inflation to quintessence within the framework
of a 4D effective field theory where all the moduli are stabilised and the corrections to the
leading order results are under control. More precisely, we focused on type IIB Calabi-Yau
flux compactifications where moduli stabilisation is best understood. Cosmic acceleration
in the early universe is realised as in Fibre Inflation where the inflaton is a fibration Kéhler
modulus with a potential generated by perturbative corrections to the Kéahler potential. The
inflationary scale is around Hi,s ~ 103 GeV.

The model also features two ultra-light axions that behave as spectator fields during
inflation and acquire isocurvature perturbations. Reheating is driven by the perturbative
decay of the inflaton field. This decay, on top of dumping energy into the Standard Model,
also produces relativistic axions that contribute to dark radiation. The exact amount of
dark radiation production depends on the details of the D-brane realisation of the Standard
Model. Dark matter can arise from primordial black holes, but also from an open string
QCD axion when the Standard Model lives on D3-branes.

The scale of the potential of the two ultra-light axions is naturally very suppressed
due to the smallness of non-perturbative effects. Therefore, the current Hubble scale can
in principle be easily achieved without need for severe fine tuning. However, the axionic
potential is generically too steep to sustain an accelerating solution, and so quintessence
can only be realised close to the maximum. Quantum diffusion during inflation would then
tend to ruin this realisation of quintessence by pushing the axion away from this region. For
Fibre Inflation with Hine ~ 10'3 GeV, this does not happen only if one of the two ultra-light
axions has a decay constant of order f ~ 0.1 M,. However, if this axion receives a mass
through standard non-perturbative effects, the corresponding instanton action would be too
small to reproduce the current dark energy scale. We therefore proposed a scenario based
on tiny poly-instantons corrections to the superpotential which can indeed be generated by
a K3 divisor [82] and, above all, can lead to a very large suppression, allowing us to match
the cosmological constant scale even for f ~ 0.1 M,. As a result, the lighter axion drives
quintessence, while the heavier one receives mass by gaugino condensation. This heavy axion
behaves as a spectator field which starts oscillating after matter-radiation equality, and as
such, gives only a negligible contribution to dark matter.

As outlined in detail in appendix A, we also considered vacua where the decay constants
of both axions are around 0.01 M),. In this case, quantum diffusion during inflation would
ruin the initial conditions needed in order to realise quintessence. We therefore implemented
a mild alignment mechanism which yields a mass hierarchy between the two ultra-light axions.

The lighter axion has a mass of order 10732

eV and an effective decay constant of order 0.1 M),
which is large enough to yield a quintessence model compatible with quantum diffusion during

inflation. The heavier axion is stabilised during quintessence and behaves as a spectator field.
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It cannot yield a large contribution to dark matter via the misalignment mechanism due to
isocurvature perturbation bounds and theory constraints from the underlying UV embedding.
In fact, this field can constitute at most 5% of dark matter when its mass is around 10723 eV.
Interestingly, our model can satisfy the weak gravity conjecture applied to axion physics
thanks to the inclusion of an extra instanton contribution to the superpotential.

All our models are realised within a string-inspired 4D supergravity theory. It has
all the ingredients of a proper string compactification, except for an explicit description
of the underlying Calabi-Yau orientifold, brane setup compatible with D3 and D7 tadpole
cancellation, and flux stabilisation of the dilaton and complex structure moduli. A step
forward in this direction would be crucial to realise a complete string model that is able
to describe the history of the universe from inflation to quintessence. We leave this task
for future work.
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A Quintessence from alignment

If the underlying parameters which determine (71) from (3.9) are such that the condition (3.14)
is not satisfied by any N7, one might naively think that the quintessence solution is necessarily
destroyed by quantum diffusion during inflation. However this is not the case in the presence
of axion alignment which we analyse in this appendix.

A.1 An alternative setup

The mechanism of axion alignment requires a slight modification of the non-perturbative
superpotential that now becomes:

3
Wnp _ As e*asTs + Z Az’ e*ai(qz'l T1+qi2 T2) (A'l)
i=1

The winding numbers ¢;;, with ¢ = 1,2,3 and j = 1,2, are integers labelling the number
of times the i-th brane stack winds around the cycle T [86]. Here we consider up to four
stacks: one required to implement moduli stabilisation in LVS, wrapping only the small
cycle modulus Ts; two more wrapping only the large cycle moduli, T and 75, giving rise
to a rich axion phenomenology at late times; and finally, a third stack wrapping 77 and
T5. This stack will be suppressed by a large instanton action, and so will not affect the
cosmological dynamics. However, as we will see, its inclusion is needed to be compatible
with the axionic weak gravity conjecture [86, 87].
The late time potential becomes

23: 4|Wol A;

Vlate = - T a; (Qil 1 + Qi 7'2) eiai(qil T1+gi2 72) COS(aiqﬂ 91 + aiq;2 62) (AQ)

i=1

,19,



where we have again assumed, without loss of generality, that A; for ¢ = 1,2,3 are all real
and positive. We have kept the leading order terms and dropped those that are relatively
suppressed in the large volume limit. Although not the focus here, we note in passing
that we can recover the mathematics of the poly-instanton scenario discussed in the main
text by replacing

Ay = AAs, qu—1, q2—Ni/Na, ¢ —0, go—1 A3—=0. (A.3)

A.2 Quintessence potential

After stabilising all saxions and the axion 0, the late time scalar potential (A.2) is given by

3
Viate = Y A [1 = cos(aigi1 01 + aigiz 62)] (A.4)
i=1

where we have adjusted the uplifting contribution to obtain a Minkowski vacuum and we
have defined

~aq A[Wo|A; —ai(ai :
A} Aol A VOJ L ai (g1 T1 + qio o) e~ @ TiFAi2T2) (A.5)

A third stack of branes (corresponding to 7 = 3) has only been included to ensure compatibility
with the axion weak gravity conjecture, and should not have a significant impact on the late
time dynamics. This suggests that ]\3 has to be suppressed relative to Al and fXg, something
that can be achieved with a suitable choice of as, g31 and g32 [86, 87]. We will return to
this point in section A.3 - for now, we assume that the ¢ = 3 contribution to the late time
potential can be neglected and restrict the sum to run from 1 to 2.

In terms of the canonical fields, the late time potential (A.4) takes the form (ignoring
the subleading i = 3 term)

fat ! N1 1 N1 fo 2 No f1 Nz o (4.6)
where ; I
1 1 2 1
n N1 2V/27(m) o TN, 27 (1y) (A1)

This potential has a flat direction in the limit of perfect alignment [84], when det ¢ = g11g22 —
q12g21 = 0. This can be easily seen by performing the following field redefinition

oL _ 1 8%2 —SquTl o1 (A8)
¢ o 9 \ & 92 é '
H =+ F f1 fo 2

T

where s = 41 coincides with the sign of detq. This change of basis brings (2.36) into
the simplified form

Viate =~ A3 [1 — cos <Q2H Z)] + A} [1 — cos (Q1H (?5 +qr ?LLH (A.9)
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where

No

det 2 1 g2
g = —detd b=y gl T gz iz (A.10)
Ni\/@3, + ¢ a5 /T1 + 432/73 fr

In the alignment limit we have det ¢ = 0, and so ¢q;, = 0 and the potential (A.9) depends only

N (qi1g21/f3 + Q12(J22/f§> L 2
qQ1H = H QP =191 T 45
N < 31 /f% + 32/

on ¢g, showing that ¢; becomes an exactly flat direction. The presence of a massless axion
can also be seen from the fact that the determinant of the mass-squared matrix vanishes

in the alignment limit

32‘/131;9 82‘/1ate 2

ate = —Jate_ aa N4

det §¢H a¢>2Ha¢L _ (AlAz) DHILN" _ g gor qr. = 0. (A.11)
0 Vlate 0 Viate foL

0dn0pr 093

min
To achieve slow-roll at the correct scale, quintessence should be a nearly flat direction of
the potential, corresponding to approximate alignment. In order for this to happen, we
assume that the corresponding charges can be chosen such that q; < 1. Note that also
a relatively large N7 helps to achieve a small q;,. The axion ¢y becomes hierarchically
heavier than ¢y for qr < 1.

Quintessence can now be realised around the saddle point where the ¢ direction is
stable and ¢, is close to the maximum of its effective potential. Assuming for definiteness
that Ay > Al, the mass hierarchy around this saddle point is

A3 A3
mH:qu—Q>> ‘mL|2qu1. (A.12)
fu fL
Due to this hierarchy, the leading order potential depends just on ¢y and goes as
V(pw) ~ Al [1 — cos ((ﬁHﬂ (A.13)
fu

where the effective decay constant and mass of ¢z are given by

N. A3
= I 2 and my o~ —% . (A.14)

A= on 2 2. .2 2 f
RH /451 /7 + 452/ T3 H

The heavy mode ¢ can therefore be integrated out by setting it to its minimum at (¢z) = 0.

The effective potential for the light axion ¢; then becomes

Vi(pr) ~ A [1 — cos <?ﬁﬂ (A.15)

N
fz= Z - \dleftl?\ B1/1 + a3/15 - (A.16)

We see how the approximate alignment gives rise to a large decay constant, fr > 1, via the

where

KNP proposal [84]. In section A.3 these expressions for the decay constants will allow us
to easily compare with observational constraints on ultra-light axions.
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In this scenario, the heavy axion ¢y is stable and oscillates about equilibrium point,
providing a candidate for (a fraction of) dark matter today. On the other hand, the light
axion ¢y, is displaced from its minimum and plays the role of the quintessence field. The
corresponding slow-roll parameters go as € ~ |n| ~ 1/f?. Note that 7 is small in absolute
value, and so the light axion can be identified with a quintessence field in slow-roll.

A.3 Phenomenological and theoretical constraints

Let us now impose a number of phenomenological and theoretical constraints on our model
in order to find a consistent set of parameters and to extract any important predictions.
Dark matter and dark energy constraints.

The late universe physics predicts a dark matter candidate via the heavier of the two axions.
Let us assume that this dark matter field starts oscillating before matter-radiation equality,
which occurs at a Hubble scale of order Heq ~ 1074 M, ~ 10727 V. This imposes the lower
bound mpy 2 Heq. The abundance of axion dark matter today is given by [104]

2
_ 1 3/4 [ MH 0dH
QH - G(QQT) 10,60Mp <Mp (Al?)

where d¢ g parametrises the initial displacement from the minimum of the heavy axion. Using
the known abundances of radiation €, ~ 0.8 x 10~* and dark matter €2, ~ 0.26 [99], we can

derive the following expressions for the proportion of dark matter coming from the heavy axion
2
0 H, 218 \ 2
M 714 %1075 | St e ( z ¢H>
Qm M, 1070M, \ Hius
2
- fu mpy (5 Pu ) 2
~ 2.78 x 107° . (A.18
(0.0lMp 10=60M, \ 7 fy )

Note that we expect %;‘f < dog < mfm, with the lower bound coming from quantum

diffusion during inflation [40, 105]. This translates into the following inequalities for the

axion dark matter fraction:

2 2
_ Hint H _ mpy fu
5.85 x 10715 | < H <978 %107
107508z, \ 0,905 x 1050, ) Y Q,, ~ T 10-601, \ 0.01M,

(A.19)
where we have normalised Hiy relative to the inflationary scale 0.905 x 1072 M, appearing
in (3.11).

The abundance of axion dark matter is also subject to isocurvature constraints if the

2

Peccei-Quinn symmetry for the heavy axion is broken during inflation, fr 2 Hiys. If this is
the case, the axion will generate isocurvature perturbations with amplitude [104]

Qu\? [ Hinr \?
= (= A.20
A= (o) (Gae) (820
that is bound to satisfy A7/ As < 0.038 [104]. If we use (A.20) to express d¢?; in terms of
the amplitude for isocurvature perturbations, and substitute the result into the formula for
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Figure 3. Cosmological and astrophysical bounds on the axion dark matter candidate ¢g. The
blue shaded areas are excluded by the isocurvature bound (right) and the embedding constraint
(left) forcing fm < 0.005 M, for the present model where Hi,s ~ 10_5Mp. The dashed vertical line
corresponds to my = 10723 eV, for different values of fy indicated by the stars, assuming 6oy = 7 f5.
The figure is adapted from [107].

the axion abundance relation (A.17), we can derive another upper bound on the fraction
of dark matter coming from the heavy axion:

Q
~H < 3395

o o (A.21)

€

10-60 M, (0.0005)

When compared with the left hand inequality (A.19), this imposes a relatively weak upper
bound on the mass of the heavy axion. We can say much more by adding the two bounds (A.19)
and (A.21) to other dark matter constraints on axions, as presented in figure 3, remembering
that we have also assumed that mpy > Heq ~ 10727 ¢V in order that the heavy axion becomes
dynamical before matter-radiation equality.

If we now wish to maximise the fraction of axion dark matter, the isocurvature constraints
in figure 3 seem to favour a heavy axion with a mass of around 107%°eV which would
correspond to fg ~ 0.1 M), for 0¢yg ~ 7 fy. Indeed, for mpy ~ 1072 eV and fy ~ 0.075 M,
we see from (A.18) that the heavy axion could, in principle, be all of dark matter. However,
in the context of the current model, such conclusions are too quick. As we will show in
section A.3, an additional constraint arises from requiring a consistent embedding in a string
compactification. In fact, imposing that the decay constant f; is real sets a strong upper
bound on fz < 0.005 M, which, in turn, implies that the heavy axion can be at most around
0.1% of dark matter for mz ~ 1072° eV. Due to this embedding constraint, combined with the
isocurvature one, the heavy axion ¢z can at most be 5% of dark matter for mpg ~ 10723 eV,
as we will show in section A.3.

Let us now focus on dark energy constraints. The cosmological constant scale is set by
the size of the late time potential at the corresponding saddle, giving

Ay ~ 10730 M, (A.22)
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As already pointed out, axion hilltop quintessence can be ruined by quantum diffusion during
inflation unless Amax(fr) > Hint ~ 107°M,,. As can be seen from figure 2 (where now f
should be identified with fr), this implies that for the present model f, 2 0.08 M,,.

UV embedding constraints and explicit examples.

In this section we combine early and late time constraints on the model with the goal of
finding explicit examples that allow for observationally viable cosmology. The scales of dark
matter and dark energy are determined by the magnitudes of the axionic potential (A.5)
which can be rewritten as

A4 Aol A

_s; . _ 1 /g1 g
Sie with Si = N <\/§f1 + f2> . (A.23)
Note that small differences in the arguments of the exponentials can lead to large hierarchies,
as necessary for describing dark matter and dark energy. Recall that we assume that Ay > Ay,

As we have seen in section 3.2, for compactifications with natural O(1) values of the
microscopic parameters, getting the correct inflationary scale requires ¥V ~ 103. If one further
assumes that the compactification is isotropic at the minimum after the end of inflation,
(11) ~ (72), one is led to the conclusion that (71) ~ (72) ~ 100. For concreteness, in what
follows we set V = 103 and allow (1) € [80,100]. Let us stress that, for (r1) ~ (72), the
inflationary condition (3.16) can only be met for IIs = 0. This corresponds to the case
R = 0 in the inflationary potential (2.24). The corresponding scale of inflation and slow-roll
parameter for N, ~ 52 efoldings are respectively Hi,r ~ 0.86 x 10_5Mp and € ~ 0.0004.

The decay constants for the canonically normalised axions ¢ and ¢, are given by (A.14)
and (A.16). Let us define § = 100y /M, such that 6 = 1 corresponds to a GUT scale decay
constant, fg = 0.01 M,. This immediately imposes the following constraint

ot (22 o
fi T2 J
and so generically we expect each term to scale as 100N2/d. Requiring fr, > 0.1 M), imposes
another constraint
|detg| _ 10°
fif2 ~ 9

In the absence of cancellations, this would also be of order 10Ny N, /42, indicating that
we need a tuning of order §/10. A higher level of tuning will be required (and can be

NN, (A.25)

accommodated in the present model) if the typical size of fy is smaller than the GUT scale,
d < 1. To be more precise, we can relate each combination S; to A; according to (A.23).
Dark energy constraints impose A1 ~ 10730 M,,, and so assuming |Wo| ~ A1 ~ Az ~ O(1)

and V ~ 102, we find
q11 q12

N TR 269 Ny . (A.26)

We now consider the role of the heavy axion, normalising its mass relative to the scale
10~2°eV. To this end, we introduce yu = my/(1072%V) and note that

NS ~m% fi =1.69 x 10719 (u6)? . (A.27)
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Once again assuming [Wy| ~ A1 ~ A3 ~ O(1) and V ~ 10?, we now find

\3%1 + % ~ [244 — 21n(8)] Na . (A.28)

This relation, together with (A.24), can fix g1 /f1 and go2/fo. Indeed, we can eliminate g2 /f2

in (A.24) to derive the following quadratic equation for go1/f;

> 10%

(244 — 21n(po)) 5

g (qu;)z — V2N (244 — 21n(46)) (qull) +

Of course, fi is a real number, and so this equation must have real roots. This allows us to

] Ni=0. (A.29)

derive an important constraint on the decay constant fy. In particular we find
5 (1-0.82 x 1073 In(d) ) < 0.50 (A.30)

which amounts to fg < 0.005 M, for a very large range of masses for the heavy axion.
Thanks to the inequality in (A.19), this translates into a strict upper limit on the fraction

Qg _ mg mg
<695 x 1077, [ ——t ~0.045 ) — o — . A.31
Qn ~ O 107000, V10-28ev (A.31)

Even though the isocurvature constraints of figure 3 suggest an optimal case of mg ~ 10725 ¢V,

of dark matter:

the microscopic details of this particular model mean that an axion this heavy can only
account for at most 0.45% of dark matter. We can get a larger fraction by making the axion
heavier, reaching up to about 4.5% of dark matter for mpy ~ 10723 eV.

So far, we have only used the fact that f; is real. To arrive at a genuine microscopic
model giving rise to the desired late time cosmology, we also need to match fx and ff,
to the underlying microscopic parameters. Recall that we have integer winding numbers,
¢ij € Z, while a; = 2m for a D3-instanton while a; = 27/N; for gaugino condensation on a
stack of N; D7-branes. In table 1 we present three numerical examples for distinct choices
of fy for my ~ 10723eV. In figure 4 we plot the mean gauge group rank (N;) and the
mean modulus of the winding numbers (|g;;|) corresponding to the choices of my and fg
in table 1 in order to demonstrate that multiple solutions exist and that the values in the
table are not special in any way.

Compatibility with the axion weak gravity conjecture.

The original weak gravity conjecture [78] states that a U(1) gauge theory can only be
embedded in a consistent quantum theory of gravity if there is a particle whose charge to mass
ratio ¢/m > 1 in Planck units. The claim is justified in order to ensure the decay of extremal
black holes, avoiding remnants, and can be generalised to multiple U(1)s via the convex
hull condition [108]. To express it, we consider the i-th particle with mass m; and charge
vector ¢;, and define the charge-to-mass ratio as Z; = ¢;/m;. The weak gravity conjecture
now requires that the convex hull spanned by the set +2; should contain the unit ball.

In [78], the weak gravity conjecture is generalised to p-form gauge fields, with a charged
(p — 1)-brane generalising the charged particle and its tension generalising the mass. The idea

,25,



(11) (r2) | N1 | N2 ij I fa | U/
28
106.13 | 97.07 | 23 | 42 0.17 | 0.005 0.045
313
—19 26
95.08 | 102.56 | 20 | 16 0.15 | 0.001 0.002
—13 18
—122 116
94.13 | 103.07 | 11 | 24 0.11 | 0.0001 | 2 x 105
—231 220

Table 1. Numerical examples for my ~ 10723eV. The decay constants fy and f; are given in
Planck units. Q** is the heavy axion contribution to the dark matter density, assuming maximal
misalignment, d¢y = 7 fu/M,, as per eq. (A.19).

can be extended to axions which are O-forms, with the corresponding (—1)-branes identified
with instantons with ‘mass’ given by the instanton action. For a single axion with quantised
charge ¢, decay constant f, and instanton action .S, the analogue of a charge-to-mass ratio can
be defined as z = ¢/(f S). According to the axion weak gravity conjecture, this ratio should
be bounded below by the charge-to-mass ratio of an extremal gravitational instanton, assumed
here to be order one.’ As is well known, for the instanton action to remain suppressed,
this implies a sub-Planckian decay constant.

For multiple axions, as in our model, the situation is inevitably more complex, just
as it was for the U(1)s. We have quantised charges g;;, decay constants f; and f» and
instanton actions S; = a;q;;7; with i = 1,2,3. We can then define the i-th charge-to-mass
ratio vector, z;, as:

z:;(?fg> i=1,2,3. (A.32)
The axion weak gravity conjecture is now expressed in terms of the convex hull condition [87]:
the convex hull spanned by the set +2Z; should contain the ball of radius rcuc, where rcuc
is the norm of the charge-to-mass vector for the extremal instanton, assumed here to be
of order one. By themselves, two aligned axions cannot satisfy this condition since this
corresponds to the limit where the charge-to-mass ratios are parallel vectors z o« z3. This
makes the convex hull spanned by £2; and +25 line-like and therefore unable to contain
the ball of radius rcpc [86, 87]. The solution relies on the presence of a third instanton
with action S3 whose charge-to-mass vector z5 points in an orthogonal direction. This will
have no impact on the late time cosmological dynamics described in section 2.3 as long as
S3 > 51,55 which can be easily achieved if 25 is in the first/third quadrant of the Euclidean
plane [86]. By construction, z] and 25 are aligned and almost orthogonal to Z3, and so must
lie in the second/fourth quadrant, resulting in

— |

|Z; - 23
3]

5There is some confusion over the choice of extremal instanton solution. A discussion can be found in [109)].

<1 Vi=1,2. (A.33)

—

|Zi|Z
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fi=0005  (gij|) = 0.20(N;) Fa=0001  (lgi;|) = 0.96(]N;)

10

()
(la )

25 30 35 40 45 15 20 25 30 35 40 45 50

fr =0.0001 (g} = 9.7(N;)

500

400

300

(lgi;1)

200

100

Figure 4. Mean gauge group rank (N;) and mean modulus of the winding numbers (|g;;|) for
mg =10"23eV and fr ~ 0.1 M, of which the examples in table 1 are particular examples. The red
lines correspond to the best linear fits.

In order to ensure that the convex hull contains the ball of radius rcgc, we require that
|Zi| > rcuc for i = 3 and at least one of i = 1,2. As an illustrative example let us consider
the second line of table 1. For this case one can show that

7 = (—59.41,62.01)  and % = (—45.85,48.42). (A.34)

It is straightforward to check that the angle between these two vectors is ~ 0.0059 < 1, as
it should for KNP alignment, and that the convex hull is very narrow and does not fully
contain the unit ball. In order to satisfy the convex hull condition, the vector Z3 has to be
orthogonal to # and has to have |23 > rcupc = +/3/2. This can be achieved with sufficient
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precision by choosing N3 = 2, g31 = 7 and ¢g32 = 8. The instanton actions for this example
are S1 = 270, So = 240 (in accordance with (A.26) and (A.28)) and S3 = 4669, giving

7y = (1.267,1.104) ||3\|i3!‘ ~0.04  |Z|~1.68> rcpc = 4/3/2. (A.35)
Z211%3

We note that for the largest values of fp, corresponding to the first line of table 1,
all the entries of the charge matrix are positive, implying that z; and zo would lie in the
first /third quadrant. In such cases, satisfying the convex hull condition with an instanton
of large action becomes more challenging.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
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