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Abstract
Sparse recovery principles play an important role in solving many nonlinear ill-posed inverse
problems. We investigate a variational framework with learned support estimation for com-
pressed sensing sparse reconstructions, where the available measurements are nonlinear and
possibly corrupted by noise. A graph neural network, named Oracle-Net, is proposed to pre-
dict the support from the nonlinearmeasurements and is integrated into a regularized recovery
model to enforce sparsity. The derived nonsmooth optimization problem is then efficiently
solved through a constrained proximal gradient method. Error bounds on the approximate
solution of the proposedOracle-based optimization are provided in the context of the ill-posed
Electrical Impedance Tomography problem (EIT). Numerical solutions of the EIT nonlinear
inverse reconstruction problem confirm the potential of the proposedmethodwhich improves
the reconstruction quality from undersampled measurements, under sparsity assumptions.

Keywords Nonlinear inverse problems · Compressed sensing; Electrical Impedance
Tomography · Sparsity-inducing regularization · Nonsmooth numerical optimization ·
Graph neural networks

1 Introduction

The theory of compressed sensing (CS) is a successful mathematical technology in sparse
signal recovery, established several years ago independently byDonoho [21] andCandès [12],
successfully carried out by [13, 14], and widespreadly developed in the last two decades.
The main idea behind CS is to acquire a small number of linear measurements of a signal
that exhibits sparsity or compressibility in a known representation system, and accurately
reconstruct the original sparse signal using an appropriate reconstruction algorithm, under the
assumption that the sensing matrix used in acquisition is sufficiently incoherent with respect
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to the basis in which the signal is sparse, a property that can be quantified e.g. by verifying
the well-known Restricted Isometry Property (RIP). The standard recovery algorithms for
finding an approximated CS solution are based either on a greedy approach or on variational
models, such as �1-norm minimization, leading to suitable iterative thresholded gradient
descent methods.

A significant portion of research focuses on linear CS problems and holds for well-
posed compressive sensing models. However many real-world applications in physics and
biomedical sciences involve inherent nonlinearities. In these cases, the linear model becomes
inadequate.

We are interested in a more general setting that extends the concepts of compressive
sensing and sparse recovery to inverse and ill-posed nonlinear problems.

In this more general setting, we consider the problem of recovering an unknown vector
σ † ∈ R

n from incomplete and contaminated nonlinear measurements �δ ∈ R
m , according

to the following degradation model

�δ = �(σ †) + η, (1)

where η ∈ R
m is a vector of unknown perturbations, bounded by a known amount ‖η‖2 ≤ δ,

and � : R
n → R

m represents a nonlinear ill-posed sensing model characterized by an
undersampled acquisition in which the number m of available measurements is much smaller
(m � n) than the dimension n of the vector σ .

Moreover we assume that, although σ belongs to the high-dimensional space Rn , it can
be represented by a few degrees of freedom. In particular, we depart from the traditional
sparsity assumption and seek conductivities σ that exhibit σ0-sparsity, being σ0 a reference
constant vector. This accounts to say that σ is equal to σ0 apart from a few coefficients, thus
the set of indices of IO = {i : (σi − σ0,i ) �= 0} is assumed to have small cardinality s. In the
context of CS, several algorithms have been proposed to enforce (or promote) this property,
based on projection and variational techniques. Motivated by the successful application of
compressive sensing to linear problems, and aiming to overcome the ill-posed nature that
commonly prevents problem (1) from having a unique and stable solution, we propose to
recover the vector σ † by solving the following regularized minimization problem:

min
σ∈Rn

R(σ ) subject to ‖�(σ) − �δ‖2 ≤ δ, (2)

where R ∈ �0(R
n) is a sparsity-promoting penalty and we denote by �0(R

n) the space
of proper, lower semi-continuous, and convex functionals on R

n . In particular, we consider
functionals R that pursue sparsity promotion in two different, complementary, ways: by
promoting low values of a penalization functional and by projecting on a predetermined set
K . The most standard instance in the class of nonsmooth, convex penalties is the �1-norm
functional, which is known to promote sparsity in the solution domain; nevertheless, we
may also opt for other choices, such as the Total Variation penalty [51], to enforce other
significant prior knowledge on the solution, such as sparsity in the gradient domain. On the
other hand, the projection onto the set K can be employed to impose state constraints (such as
non-negativity, or box constraint) or to enforce sparsity likewise. The approach we propose
in this paper draws connections with the problem known as support estimation, namely, with
the task of determining the support of the exact solution from the given measurements. We
thus introduce the concept of Oracle: an operator receiving as an input the measurements �δ

and returning a (perfect or approximate) description of its support K , for example through
the set of active indices IO . Such an Oracle operator is determined before the resolution of
problem (2) to improve the computational efficiency of the minimization method for solving
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(2). In this paper, we pursue this task in a supervised statistical learning fashion, by training a
Neural Network via a dataset of ground truth solutions (hence, their supports) and associated
measurements. We consider, in particular, Graph Neural Networks (GNNs) based on a graph
U-Net architecture, which naturally fits the mesh data structure used to represent the spatial
domain. GNNs are a class of neural network architectures designed to perform inference on
data described by graphs [58]. The benefit of using GNN is related to the specific nonlinear
problem considered as a test case of the proposed CS framework, which requires a Finite
Element Method (FEM) solution on a mesh domain. Once the Oracle has been learned, we
can employ the set K within the definition of R and tackle the solution of problem (2).

Independently of the choice of R, our strategy then envisages the solution of (2) using a
first-order optimization scheme, namely, the Proximal Gradient Method (PGM). Despite the
regularizing effect ofR, because of the nonlinear nature of �, the convergence properties of
such a scheme are only guaranteed under additional assumptions.

The main theoretical results of this paper are reported in Proposition 1 and in Theorem
2. The first one shows that minimizer of the proposed regularization functional converges to
a solution of the inverse problem (1) as the noise level δ goes to zero, also providing some
convergence rates. The second result concerns error bounds on the approximate solution
obtained via the proposed Oracle-based PGM. Drawing from a result in [8], we show the
convergence of such a scheme to a cluster point whose distance from an exact solution of
(1) can be bounded in terms of δ (and, possibly, of the choice of the support K ). In order to
derive similar error bounds in the context of linear CS, it is usually necessary to introduce
theoretical assumptions on the forward operator, such as the RIP, which do not carry over
directly to the nonlinear case. In this work, we show that, under the requirements that the
Jacobian of the measurement system � satisfies a similar RIP condition and that � is mildly
nonlinear, the accurate recovery of σ † is possible using the proposed Oracle-based PGM
algorithm.

Given the considerable challenges associated with general nonlinear CS recovering prob-
lems, we will concentrate on a specific nonlinear measurement process inherent to Electrical
Impedance Tomography. Nevertheless, our Oracle-based framework could be adapted to
other nonlinear ill-posed problems. EIT is a promising non-invasive imaging modality math-
ematically characterized as a highly nonlinear and ill-posed inverse problem [53]. EIT aims
to reconstruct the inner conductivity distribution of a medium starting from a set of mea-
sured voltages registered by a series of electrodes that are positioned on the surface of the
medium. EIT is therefore a noninvasive technique, meaning that it allows analyzing the inner
properties of a material or structure without causing damage.

Several CS strategies have been explored in the context of linearized EIT reconstruction
problem, see [29, 47], as a response to a growing application need. By leveraging CS, in [52]
the authors explore the possibility of achieving accurate breathingmonitoring with EITwhile
reducing the number ofmeasurements needed. The linearizedEITproblem is considered from
a theoretical perspective in [2] where the authors show that the electrical conductivity may be
stably recovered from a number of linearized EIT measurements proportional to the sparsity
of the signal with respect to a wavelet basis, up to a log factor.

Real-world EIT data exhibits nonlinearities. To address this challenge, Zong et al. in
[59] recently proposed a novel scheme that introduces the concept of compressive learning.
Recently, a learned residual approach to EIT has been proposed in [19] for nonlinear under-
sampled measurements. Moreover, although not specifically labeled as compressed sensing,
the authors in [27], [28], [31] treat the reconstruction fromEIT nonlinearmeasurements using
sparsity priors. In [16] a mask-guided spatial-temporal graph neural network is proposed to
reconstruct multifrequency EIT images in cell culture imaging. The binary masks in [16] are
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obtained by CT scans and microscopic images using a multimodal imaging setup. In this
work, the concept of compressed learning is realized through an Oracle-Net that predicts
the optimal prior in the variational model which improves the efficacy of the sparse opti-
mization algorithm. The binary masks are thus automatically determined by the Oracle-Net
starting from given measurements. We finally would shed light on the problem of determin-
ing how few measurements suffice for an accurate EIT sparsity-regularized reconstruction,
a previously unexplored problem in the nonlinear CS context.

The remainder of this paper is structured as follows. In Section 1.1 related works on
nonlinear compressed sensing are presented. The link to linear CS is detailed in Section
2. Section 3 presents the EIT forward and inverse models in their continuous settings. In
Section 4 we provide general theoretical results on the well-posedness of the regularized
problem. In Section 5we introduce the PGM-based numericalmethod for EIT reconstruction,
and we prove error bounds on the sparsity-aware approximate solution. Section 6 examines
some specific regularization models employed and discusses their algorithmic optimization.
Section 7 explores the architecture of the proposed Oracle-Net for support estimation. In
Section 8 we present the reconstruction results obtained by the Oracle-based PGM algorithm.
Finally, Section 9 draws conclusions and discusses future work.

1.1 RelatedWorks

The treatment of linear compressedmeasurementmodels for ill-posed problems and recovery
accuracy estimates has been first addressed in [34].

A preliminary exploration of nonlinear CS can be found in the work on CS phase retrieval
[46] and on 1-bit CS [11]. A first attempt to extend greedy gradient-based strategies to the
nonlinear case is in [9]. Subsequently, in [8] Blumensath pioneered the theoretical framework
for nonlinear compressed sensing. It has been demonstrated that, under conditions similar
to the RIP, the iterative hard thresholding (IHT) algorithm can effectively recover sparse or
structured signals from a small number of nonlinear measurements. Along this direction,
further researches introduced various approaches for tackling nonlinear CS problems. In
[48, 49] Ohlsson et al. proposed algorithms like quadratic basis pursuit and nonlinear basis
pursuit, both ofwhich utilize convex relaxations to solve these problems. In addition, research
on sparsity-constrained nonlinear optimization, as explored in [5], further enriched the field
of nonlinear CS. A generalization of the RIP condition for certain randomized quasi-linear
measurements is proposed in [22].

The power of nonlinear CS extends beyond theoretical developments. Practical applica-
tions validate its effectiveness. For example, works like [39] demonstrate its application in
single-snapshot compressive tomosynthesis, while the proposal in [44] leverages the inherent
sparsity of mask patterns to formulate the Optical Proximity Correction problems as inverse
nonlinear CS problems, enabling significant efficiency gains.

The aforementioned works seem to provide a CS solution to nonlinear inverse prob-
lems neglecting the effect of the ill-posedness of several nonlinear problems. In this work,
the combined effect of a sparsifying Oracle-Net and an effective regularization guarantees
accurate reconstructions of the original sparse signal using a limited number of nonlinear
measurements.
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2 Connections to Linear Compressed Sensing

The central focus of this paper is to tackle the variational regularization strategy (2) of
the inverse problem (1) that, by a careful choice of the functional R (see Section 4) can
be addressed to as a sparsity-promoting regularization. This approach aligns closely with
standard compressed sensing, but incorporates distinct characteristics: the aim of this section
is to recall themain pillars of linear CS and to show that, althoughwith significant differences,
the method we propose and its analysis can be meaningfully understood within the same
framework.

i) Sparsity. In linear CS, the ground truth signal, or object, to be reconstructed is assumed
to be sparse in a suitable basis or dictionary.
This is also the case in our approach as we assume that the unknown conductivity (or
its difference with respect to a known background, or its discretized gradient) has only
a few non-vanishing components.

ii) Incoherence. The key feature allowing for compressibility in linear CS is that the acqui-
sition operator is sufficiently incoherent with respect to the basis in which the solution
is sparse. This concept essentially guarantees that even a few measurements contain
information on all the components of the unknown signal. The incoherence property
can be expressed through several theoretical properties of the measurement operator �,
the most relevant of which is the Restricted Isometry Property. This assumption requires
that, when restricted to s−sparse vectors, the forward operator is invertible, and close to
an isometry. Such a condition can be fulfilled (with high probability) in random sensing
procedures but is hard to verify in most practical acquisition scenarios (a successful
case being, e.g., MRI). In the context of linear problems, [32] explored the connections
between RIP and source conditions, which are more common in the theoretical analysis
of inverse problems, but are nevertheless rather complicated to verify in applications.
In [8], a useful extension of RIP to the nonlinear case is provided, with a few envisaged
applications.
In our analysis, we leverage the RIP on (1) in the version proposed in [8], although with
a significant difference. Indeed, by leveraging the theoretical analysis of the local injec-
tivity properties of the EIT problem, we decouple the verification of the RIP from the
sparsity level of the unknown conductivity. In particular, we observe that the assumptions
of [8] are verified whenever the conductivity belongs to a finite-dimensional subset, e.g.,
it is discretized through a fixed partition of the physical domain. Although this represents
a much more general interpretation of the RIP, allowing us to apply it also in the context
of EIT, the decoupling from the sparsity level hinders the possibility of controlling the
constants appearing in the RIP explicitly, especially the one in the lower bound. This
is reflected in the discussion related to the following points. We nevertheless believe
that referring to (21) as a Restricted Isometry Property might strengthen the connection
between the CS and the nonlinear EIT literature.

iii) Sparsity-promoting �1-norm minimization. Once the theoretical properties are clearly
stated, one of the most commonly used techniques to solve a linear CS problem is to
minimize a suitable variational regularization problem containing a �1-norm penalty
functional, leading to the so-called LASSO problem, Total Variation, or many other
alternatives. Although the minimizers of such functionals inherently share suitable spar-
sity properties (see, e.g., [54]), their theoretical analysis is challenging due to the lack
of differentiability and strong convexity of the �1-norm. These difficulties become more
severe in the context of (nonlinear) ill-posed problems.

123



49 Page 6 of 29 Journal of Scientific Computing (2024) 101 :49

Tomitigate these shortcomings, several strategies are possible: in this paper,we introduce
inR an additional �2-norm regularization term. This strategy, also known as Elastic-Net
regularization, is also mentioned in [1], where a suitable extension of the RIP is pro-
vided in the case of ill-posed linear problems. Moreover, we enhance the regularization
termR with an additional term imposing the projection onto a specific subset of coeffi-
cients. This term does not affect the theoretical property of our strategy, but significantly
improves the quality of the reconstructions, especially when designed via data-driven
support estimation techniques (Oracle-Net). In classical CS a similar term is not needed,
and it is possible to prove (in the noiseless case) the exact recovery of support by simply
minimizing the �1-norm. In our nonlinear, ill-posed scenario, as there are no available
exact recovering guarantees for sparse signals, such an Oracle proves to be significantly
useful.

iv) Recovery guarantees. As already anticipated, one of the most relevant outcomes of the
theoretical analysis of linear CS problems, e.g. under the assumption that the RIP is
verified, are some exact or asymptotic recovery estimates (in the case of clean or noisy
data) of the unknown signal. In such a context, a crucial task is to link the number
of measurements required to achieve similar guarantees with the sparsity level of the
ground truth signals.
Themain obstacle to obtain similar results for our technique is represented by the fact that
the RIP condition is, in our case, completely decoupled from the sparsity level. Although
this outlines a distance with respect to the goals and achievements of the classical CS
literature, we want to emphasize that the introduced setup allows us to pursue a different
goal in the theoretical analysis of CS: namely, the deduction of convergence guarantees
for the iterative reconstruction method - a topic extensively studied in [10] and [8] for
the Iterative Hard Thresholding algorithm applied to fairly general linear and nonlinear
problems, and in [30] in the context of inverse scattering. We also point out that, even
though the theoretical deduction of recovery estimates in terms of the sparsity level is
beyond the purposes of this work, we tried to investigate their validity via a proof-of-
concept numerical experiment, as we reported in Section 8.3.

3 EIT Forward and Inverse Models

In this section, we describe the EIT problem in its original continuous setup, focusing on the
so-called complete electrode model (CEM), both from a forward and an inverse perspective.
Our goal is to clearly state the problem of interest in a functional space framework, as well as
to motivate the discretization that will be later adopted. Moreover, we collect in Theorem 1
the most relevant theoretical results regarding the nonlinear operator describing the problem,
mainly relying on the approach and assumptions adopted in [41].

Consider a conductive body in a 2-dimensional space, described as a bounded, simply
connected, Lipschitz domain	 ⊂ R

2 with a piece-wise C∞ boundary ∂	. Its electrical con-
ductivity is modeled as a function σ : 	 → R, which we assume to be bounded, measurable,
and larger than a strictly positive constant c0:

σ ∈ L∞(	), σ (x) ≥ c0 > 0 a.e. in 	. (3)

The classical formulation of the EIT problem, also known as continuum model, seeks to
reconstruct the function σ by applying electrical stimuli on the boundary ∂	 (i.e., injected
currents), and recording the resulting electrical potential, again on the whole boundary ∂	.
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A more realistic scenario is described via CEM, in which one assumes that the process of
probing the electrical properties of 	 is performed by means of some electrodes located on
the boundary of the domain. Consider a collection of p electrodes {E j }p

j=1 ⊂ ∂	: from a
modeling perspective, they are resistive regions (with electrical permittivity z), on which it
is possible to apply an external current I j . We assume that each E j is an open, non-empty
subset of ∂	, and that Ei ∩ E j = ∅ for i �= j . The electrical measurements, both of currents
and voltages, associated with the CEM are assumed to be piece-wise constant functions on
∂	: we define the associated space as

Ep =
⎧
⎨

⎩
F ∈ L2(∂	) : F(x) =

p∑

j=1

Fj1E j (x),

∫

∂	

F(y)dy =
p∑

j=1

Fj |E j | = 0

⎫
⎬

⎭
, (4)

where 1E j denotes the indicator function of E j ⊂ ∂	. Notice that F ∈ Ep can be uniquely
determined by means of p − 1 real parameters, thus Ep can be equivalently represented as
R

p−1. We denote by E = ⋃p
j=1 E j and by � = ∂	 \ E .

The forward problem of EIT, in the CEM paradigm, consists in determining the couple
(u, U ) ∈ Y = H1(	) × Ep , representing the inner electrical potential and the boundary
voltages at the electrodes, associated with the input boundary currents I ∈ Ep through the
following differential problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− div(σ∇u) = 0 in 	,

u + zσ
∂u

∂n
= Ul on {E j }p

j=1,

∫

El

σ
∂u

∂n
ds = Il j = 1, . . . , p,

σ
∂u

∂n
= 0 on �.

(5)

Here z represents the known contact impedance of the electrodes. The existence and unique-
ness of a weak solution of the boundary problem (5) is proved in [53], and its numerical
approximation is effectively treated, e.g., via finite element method (FEM).

Denote by L(Ep) the space of bounded linear operators from Ep to Ep (isomorphic to the
matrix space R

(p−1)×(p−1)). For a fixed conductivity σ satisfying (3), the well-posedness
result implies that, for every choice of input boundary current I ∈ Ep , the couple (u, U ) ∈ Y
is uniquely determined, andwe can denote by�δ

σ the operator that associates a current I ∈ Ep

with the corresponding boundary voltage U ∈ Ep . We can thus define the forward map of
EIT, namely, the operator Fp : L∞(	) → L(Ep), which returns, for each conductivity σ , the
currents-to-voltages operator �δ

σ :

Fp : σ ∈ L∞(	) �→ �δ
σ = Fp(σ ) ∈ L(Ep) : �δ

σ I = U s.t. (u, U ) solves (5). (6)

Notice that for each σ , the operator�δ
σ can be identified by a square matrix inR(p−1)×(p−1).

Moreover, since the problem (5) is symmetric in the variables U and I , we can efficiently
represent �δ

σ as a symmetric matrix, or as a vector in R
m p , being m p = p(p−1)

2 the number
of independent measurements associated with p electrodes.

The inverse problem of EIT is to reconstruct σ from the knowledge of �δ
σ . Observe that,

since the available measurements are only finite-dimensional, we can only hope to recover
conductivities depending on a finite number of degrees of freedom. In particular, we introduce
a conformal triangular partition T over 	 and define the Finite Element space of piecewise
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affine, continuous, and uniformly bounded functions

WT =
{

v ∈ C(	) s.t. v|Tk ∈ P1(T ) ∀T ∈ T

}

, (7)

where P1(T ) denotes the space of polynomials of degree 1 on the triangle T . This choice fits
the assumptions in [41], where the partition can also be non-triangular and non-conformal
and the functions in WT are bounded piece-wise polynomials of arbitrary degree.

A n-dimensional basis can be defined on WT , where n is the number of vertices in the
partition T , by means of the piece-wise affine functions {φi }n

i=1, each of which attains the
values 1 at the i-th vertex and 0 at all the other ones. A function in WT is thus determined
by its values at the vertices, {vi }n

i=1, which implies that WT can be identified with R
n , and

the forward map Fp restricted on VT can be interpreted as a nonlinear function from R
n to

R
m p . Its Fréchet derivative with respect to the L∞ norm, denoted by F ′

p can therefore be
represented as a m p × n matrix, the Jacobian matrix of the described vector field.

In [41], several results regarding the map Fp (and its derivative F ′
p) can be found. We

are nevertheless interested in the properties of a strongly related map, Fp,h , which arises
by a further discretization of the problem, induced by the numerical approximation of the
differential problem (5). In particular, as in [41], we introduce a computational mesh Th on
	, in general unrelated to the previously introduced T , and consisting of Nh triangles. We
approximate the differential problem (5) through a Finite Element scheme, and introduce the
operator �δ

σ,h ∈ L(Ep), which maps every Ih ∈ Ep into the potential �δ
σ,h Ih = Uh such that

(uh, Uh) is the output of the Finite-Element solver of (5). Then, we can define Fp,h as the
map from WT to L(Ep) that associates a conductivity σ to �δ

σ,h . We now recap the main
theoretical properties satisfied by Fp,h , which are analyzed in [41]. In particular, we employ
further knowledge of the desired solution to limit our search to the space

VT =
{

v ∈ WT s.t. c0 ≤ v(x) ≤ c1 ∀x ∈ 	

}

, (8)

being 0 < c0 < c1. These uniform bounds of the desired conductivities allow for a simpler
expression for the estimates contained in [41].

Theorem 1 (Properties of Fp,h and F ′
p,h, from [41])

1. The operator Fp,h is Fréchet differentiable and its derivative F ′
p,h(σ ) is Lipschitz contin-

uous for all σ ∈ VT

2. Local injectivity: there exist an integer pT and two positive constants hT , �T such that,
for p > pT and h ≤ hT ,

‖F ′
p,h(σ )[θ ]‖L(Ep) ≥ �T ‖θ‖L∞ ∀σ ∈ VT , ∀θ ∈ WT .

3. Tangential cone condition: for each σ ∈ int(VT ), there exist a radius rT and a constant
CT such that, for p > pT and h ≤ hT , if ‖τ − σ‖ ≤ rT ,

‖Fp,h(τ ) − Fp,h(σ ) − F ′
p,h(σ )[τ − σ ]‖L(Ep) ≤ CT ‖Fp,h(τ ) − Fp,h(σ )‖L(Ep)

Note that the result on the tangential cone condition controls the linearization error by the
nonlinear Taylor remainder.

The first statement follows by a combination of Lemma 2.3, Lemma 4.1, and Lemma
4.6 in [41] (see also [40], [57], [36]), whereas the second and the third statements, with
minimal modifications, are the objects of Theorem 4.7 and Theorem 4.9 in [41], respectively.
In contrast with the formulation of these results presented therein, the values of pT , hT , �T
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depend on the bounds c0, c1 on the conductivities, which is considered as a parameter in the
definition of VT . Explicit expressions or bounds for pT , hT and �T are not available,
and their definitions are not constructive, as they also involve the Fréchet derivative on the
forward map of Fp and of the analogous operator of the continuum model of EIT.

4 A Regularized ConstrainedModel for the EIT Inverse problem

In this section, we introduce a reconstruction model for the EIT inverse problem in the CEM
formulation. Thanks to the discrete nature both of σ and of the measurements �δ

σ,h , this
problem can be formulated as the resolution of a nonlinear (ill-posed) system of algebraic
equations.We introduce a variational regularization strategy,which involves theminimization
of a (non-convex, non-smooth) functional, for which wewill describe in Section 5 an iterative
scheme based on the Proximal-Gradient method [6].

As already discussed in Section 3, we look for solutions of the inverse problem of EIT
in a finite-dimensional space of piece-wise constant conductivities, WT , which can be nat-
urally identified with R

n , and more precisely within WT , identified with the hyper-cube
K0,1 = [c0, c1]n . The datum of the inverse problem, i.e., the currents-to-voltage operator
�δ

σ,h , also belongs to a finite-dimensional space, L(Ep,h), which can be identified with Rm p .
Nevertheless, in the context of applications, it is most common to provide alternative, often
redundant, representations of the operator �δ

σ,h by considering nc different current patterns
(often associated with the activation of a few, adjacent or opposite, electrodes) and recording
the voltage in (other) nv electrodes. All these modeling choices define the so-called mea-
surement protocol, as well as the total number of measurements m = ncnv . We assume that
m ≥ m p , and identify the measurement space with Rm .

For fixed discrete mesh T and measurement protocol, we denote by � : Rn → R
m the

nonlinear operator representing Fp,h from WT to the (redundant, m-dimensional) represen-
tation of the measurement space L(Ep,h). The inverse problem of EIT is thus equivalent
to recovering σ † ∈ K0,1 = [c0, c1]n from the noisy measurements �δ ∈ R

m under the
degradation model (1).

In this section, we analyze the variational regularization strategy associated with the
following constrained optimization problem:

σ δ
λ ∈ argmin

σ∈K

{

J δ
λ (σ ) := 1

2
‖�(σ) − �δ‖2 + λρ

2
‖σ‖2 + λR(σ )

}

, (9)

where ρ, λ > 0, R : Rn → R ∪ {∞} is a non-negative, continuous, coercive, and convex
functional, and K is a compact, convex subset of Rn satisfying K ⊂ K0,1.

By introducing the characteristic function χ K of the set K ⊂ R
n , namely

χ K (x) =
{

0 if x ∈ K

∞ if x /∈ K
,

allows to incorporate the constraint σ ∈ K into the minimization problem (9), thus obtaining
the following equivalent unconstrained optimization problem

σ δ
λ ∈ argmin

σ∈Rn

{

J δ
λ (σ ) := 1

2
‖�(σ) − �δ‖2 + λρ

2
‖σ‖2 + λR(σ ) + χ K (σ )

}

. (10)

The functional J δ
λ presents two regularization terms (namely, the square norm and the

convex functional R). It would be possible to consider the two regularization parameters
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as independent: nevertheless, as this would not provide any significant difference in the
theoretical analysis, similarly to the Elastic-Net paradigm [20, 60], we consider their ratio ρ

as fixed and interpret the functional as depending on a single parameter, λ.
In the followingwe discuss some theoretical properties of problem (10) and of its solutions

σ δ
λ . To ease the notation, we denote the overall regularization functional employed in (10)

by

R(σ ) = R(σ ) + ρ

2
‖σ‖2 + χ K (σ ), (11)

so that the functional to be minimized can be simply written as

J δ
λ (σ ) = 1

2
‖�(σ) − �δ‖2 + λR(σ ).

It is easy to observe that such a functional is continuous and coercive and that the mini-
mization is performed on a compact set K : thus, the existence of (at least) a solution of
(10) is guaranteed by classic arguments (see e.g. [7]). Nevertheless, we cannot conclude the
uniqueness of such solutions due to the nonlinearity of �.

The solutions of (10) are also stable with respect to perturbations of the datum �δ: intro-
ducing a sequence {�k} ⊂ R

m such that�k → �δ , and considering a sequence ofminimizers
{σk} of the functionals J k

λ , obtained by replacing �δ with �k in J δ
λ , then the limit of every

convergent subsequence of {σk} is a minimizer of J δ
λ . This can be proved, with slight modi-

fications, as in [23, Theorem 10.2].
We now focus our attention on extending the convergence result [23, Theorem 10.4] to

the optimization problem (10). Indeed we prove that, under suitable assumptions on � and
σ † and for a specific choice of λ, as δ → 0, the minimizers σ δ

λ of (10) converge to a solution
of the inverse problem σ †. We state the result in a general formulation, outlining all the
properties required on the operator�, which are verified in our setup as discussed in Remark
1. Hereafter, we denote by J�(σ) ∈ R

m×n the Jacobian matrix of � computed at a point
σ ∈ R

n .

Proposition 1 Let σ δ
λ be a local minimizers of (10), being R as in (11) and � such that the

following assumptions are satisfied:

1. Source condition: there exist p† ∈ ∂R(σ †) and w ∈ R
m such that

p† = J�(σ †)T w (12)

2. Mild non-linearity of � in σ †: there exists γ > 0 such that

‖�(σ) − �(σ †) − J�(σ †)(σ − σ †)‖2 ≤ γ ‖σ − σ †‖2 ∀σ ∈ K0,1. (13)

Assume moreover that 2γ ‖w‖ ≤ ρ. Then, as λ → 0, the sequence σ δ
λ converges to σ † and,

for the choice λ ∼ δ, the following convergence rate holds:

‖σ δ
λ − σ †‖ = O(

√
δ) (14)

Proof Since σ δ
λ is a minimizer of (10), it holds

1

2
‖�(σδ

λ ) − �δ‖2 + λR(σ δ
λ ) ≤ 1

2
‖�(σ †) − �δ‖2 + λR(σ †);

subtracting the term λ〈p†, σ δ
λ − σ †〉 on both sides, being p† as in (12), we get
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1

2
‖�(σδ

λ ) − �δ‖2 + λ
(R(σ δ

λ ) − R(σ †) − 〈p†, σ δ
λ − σ †〉) ≤ 1

2
‖η‖2 − λ〈p†, σ δ

λ − σ †〉.
(15)

The second term on the left-hand side of (15) can be interpreted in terms of the Breg-
man divergence associated with the convex functional R. In particular, it can be denoted as

D p†

R (σ δ
λ , σ †), where for any σ1, σ2 the Bregman divergence from σ2 to σ2, with respect to

p2 ∈ ∂R(σ2) is defined as

D p2
R (σ1, σ2) = R(σ1) − R(σ2) − 〈p2, σ1 − σ2〉.

Notice that, for the specific choice of R outlined in (11), it holds that, for σ1, σ2 ∈ K , any
p2 ∈ ∂R can be written as ρσ2 + q2, with q2 ∈ ∂ R(σ2), and thanks to the convexity of R,

D p2
R (σ1, σ2) = R(σ1) + ρ

2
‖σ1‖2 − R(σ2) − ρ

2
‖σ2‖2 − 〈ρσ2 + q2, σ1 − σ2〉

= ρ

2

(‖σ1‖2 − ‖σ2‖2 − 2〈σ2, σ1 − σ2〉
) + (

R(σ1) − R(σ2) − 〈q2, σ1 − σ2〉
)

≥ ρ

2
‖σ1 − σ2‖2.

Inserting this in (15), and employing the source condition (12), we obtain

1

2
‖�(σδ

λ ) − �δ‖2 + λρ

2
‖σ δ

λ − σ †‖2 ≤ 1

2
‖η‖2 − λ〈w, J�(σ †)(σ δ

λ − σ †)〉. (16)

Let us now focus on the second term on the right-hand side of (16): adding and subtracting
various terms,

−〈w, J�(σ †)(σ δ
λ − σ †)〉 = 〈w,

(
�(σδ

λ ) − �(σ †) − J�(σ †)(σ δ
λ − σ †)

)

+(
�δ − �(σδ

λ )
) + (

�(σ †) − �δ
)〉;

thus, inserting this in (16),

1

2
‖�(σδ

λ ) − �δ‖2 + λ〈w,�(σ δ
λ ) − �δ〉 + λρ

2
‖σ δ

λ − σ †‖2

≤ λ〈w,�(σ δ
λ ) − �(σ †) − J�(σ †)(σ δ

λ − σ †)〉
+ 1

2
‖η‖2 + λ〈w, η〉,

and as a consequence of (13)

1

2
‖�(σδ

λ ) − �δ + λw‖2 + λρ

2
‖σ δ

λ − σ †‖2 ≤ λγ ‖w‖‖σ δ
λ − σ †‖2 + ‖η + λw‖2.

Finally, neglecting the first term on the left-hand side, and leveraging the inequality 2γ ‖w‖ ≤
ρ,

λ‖σ δ
λ − σ †‖2 ≤ 4

ρ − 2γ ‖w‖
(
δ2 + λ2‖w‖2) (17)

and for the choice λ ∼ δ we get that ‖σ δ
λ − σ †‖2 = O(δ), hence the thesis. ��

Remark 1 The functional � of EIT satisfies the assumptions of Proposition 1: indeed, the
second statement of Theorem 1 implies that for every σ ∈ K0,1 (and in particular for σ †) the
Jacobian matrix J�(σ) is injective, hence its transpose is surjective, and the source condition
(12) is verified at any point p†. Condition (13) is moreover verified by � in view of the
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mean value inequality and of the Lipschitz continuity of the Jacobian, guaranteed again by
Theorem 1.

5 Proximal-Gradient Method to solve (10)

We now consider a first-order iterative method to solve the minimization problem (10). To
simplify its formulation, we introduce the following notation:

J δ
λ (σ ) = f (σ ) + λg(σ ),

f (σ ) = 1

2
‖�(σ) − �δ‖2 + λρ

2
‖σ‖2, g(σ ) = R(σ ) + χ K (σ ).

(18)

In this setup, f is a smooth functional, meaning that it is differentiable with Lipschitz
continuous gradient,whereas g is a proper, convex, and continuous function, generally lacking
differentiability. Therefore, a natural choice to approximate σ δ

λ is to rely on a proximal-
gradient, or forward-backward, iterative scheme. This accounts for constructing a sequence
{σ (n)} as follows:

σ (n+1) = proxμλg

(
σ (n) − μ∇ f (σ (n))

)
, (19)

where μ > 0 is a constant step-size. The convergence properties of such iterates, under
suitable limitations onμ and various assumptions of f , g, are widely studied in the literature.
For convex g and smooth f , provided that μ is smaller than the inverse of the Lipschitz
constant of ∇ f , [6, Theorem 1.3] proves that the cluster point of the iterates of (19) satisfies
the (necessary) optimality conditions associated with J δ

λ , also providing a convergence rate
of an involved quantity.

In order to prove the convergence of the sequence of the iterates (to a minimizer of J δ
λ )

it is nevertheless necessary to require the convexity of f (see, e.g., [6, Theorem 1.2] or [4,
Section 28.5]). Unfortunately, in our case this property is only guaranteed for large values of
ρ: in particular, due to the nonlinearity of �, the term 1

2‖�(σ) − �δ‖2 is not convex, even
though it can be proved to be weakly convex. For the sake of completeness, we briefly discuss
two results related to the convexity of similar functionals in the context of EIT. The first one,
[36, Theorem 4.9], shows that, in the continuum model of EIT, the squared-norm mismatch
functional is convex when restricted to a suitable subset of Rm , but cannot guarantee that the
iterates generated by an iterative scheme analogous to (19) belong to such a set. The second
one, [33, Lemma 4.7], proves that, in the continuum model and in the presence of finitely
many measurements, the forward operator Fm (substituting � in f ) is convex with respect
to the (semidefinite) Loewner order of semidefinite positive operators. Unfortunately, this
does not translate into the convexity of the combination of such a functional with the squared
Frobenius norm, which would eventually lead to a formulation analogous to our quadratic
mismatch term; as an alternative, [33] relies on an algorithm based on the minimization of a
linear functional on a suitable convex set.

An alternative approach to the study of the convergence of first-order methods relies on
Kurdyka-Łojasiewicz (KL) conditions, which are less restrictive than convexity: see, for
example, [3]. The results in [35, Section 3.2] provide the convergence rates for the function
values and the difference of the iterates under weaker assumptions with respect to the ones
we consider here (smoothness of f , weak-convexity of g), but the convergence of the iterates
(to a stationary point of J δ

λ , due to the lack of convexity) is ensured only if the KL condition
is satisfied, see also [3, Theorem 5.1]. The verification of the KL conditions in the case of EIT
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is an open problem, and the local injectivity property analyzed in the current dissertation does
not prove to be useful: by contrast, the surjectivity of the Jacobian J� would be beneficial
(see [42, Theorem 3.2]).

We prove a different result on the sequence σ (n), which takes advantage of the local
injectivity of �. This is an adaptation of Theorem 2 in [8], which is not formulated for a
proximal-gradient scheme but for Iterative Hard Thresholding (essentially equivalent to a
projected gradient algorithm).

We start by substituting the definition of f in (19), obtaining the following expression of
the iterates of PGM:

σ (n+1) = proxμλg

(
σ (n) − μλρσ (n) + μJ�(σ (n))T (�δ − �(σ (n)))

)
, (20)

with μ > 0, where J�(σ)T ∈ R
n×m denotes the transpose of the Jacobian matrix of � at

σ ∈ R
n . The following result characterizes the cluster point σ of the iterates produced by

(20). In particular, it provides a bound for the distance between σ and any σ ∈ K only in
terms of the value of the functional Jλ evaluated in such a σ . This result can be effectively
employed to discuss the asymptotic properties of σ as δ → 0, as discussed in Corollary 1
below, but may also help in motivating the selection of the space K , as observed in Corollary
2 below and further explored in Section 7. Notice that we do not need to specify the expression
of the functional g, which will be the object of Section 6.

Theorem 2 Let J δ
λ (σ ) = f (σ ) + λg(σ ), being f as in (18) and g any non-negative, coer-

cive, continuous, and convex functional, whose domain is contained in K0,1. Assume that �

satisfies:

1. Restricted Isometry Property: there exists 0 < α ≤ β such that

α‖σ1 − σ2‖2 ≤ ‖J�(σ)(σ1 − σ2)‖2 ≤ β‖σ1 − σ2‖2 ∀σ ∈ K0,1, ∀σ1, σ2 ∈ R
n

(21)

2. Mild non-linearity: there exists γ > 0 such that

‖�(σ1) − �(σ2) − J�(σ2)(σ1 − σ2)‖2 ≤ γ ‖σ1 − σ2‖2 ∀σ1, σ2 ∈ K0,1. (22)

Require moreover that α, β, γ, λ, ρ and μ satisfy

μ ≤ 1

2β
, μ ≤ 1

2λρ
, 0 < α + λρ − 2γ. (23)

Then, the sequence σ (n) defined in (20) converges to a cluster point σ such that, for any
σ ∈ dom(g)

‖σ − σ‖2 ≤ 4

α + λρ − 2γ
Jλ(σ ). (24)

Proof We follow the technique adopted in the proof of [8, Theorem 2], with some modi-
fications due to use of the scheme (20) instead of the Iterative Hard Thresholding, studied
therein, and a different treatment of the bounds in (21), leading to different conditions that
must be satisfied by the parameters. We start by proving the following claim:

‖σ (n+1) − σ‖2 ≤ (1 − μλρ − μα + μγ )‖σ (n) − σ‖2 + 4μJ δ
λ (σ ), (25)

which holds for any σ ∈ dom(g). Indeed, let us first consider the definition of σ (n+1), which
is given by (20) and can be rewritten as follows (to simplify the expressions, we denote by J
the matrix J�(σ (n)))
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σ (n+1) = argmin
σ∈Rn

{
1

2
‖σ − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))‖2 + μλg(σ )

}

;

therefore, due to the convexity of g, the minimizer σ (n+1) satisfies the following optimality
conditions:

−(σ (n+1) − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))) ∈ μλ∂g(σ (n+1)),

which translates into

μλ(g(σ ) − g(σ (n+1))) ≥ −〈σ (n+1) − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n))), σ − σ (n+1))〉
∀σ ∈ dom(g).

Using simple algebraic manipulations, we get

1

2
‖σ (n+1) − σ‖2 + 1

2
‖σ (n+1) − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))‖2

− 1

2
‖σ − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))‖2 ≤ μλg(σ ) − μλg(σ (n+1)).

Neglecting positive and negative terms on the left and right-hand side, respectively (using
the non-negativity of g), we obtain

‖σ (n+1) − σ‖2 ≤ ‖σ − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))‖2 + 2μλg(σ ) (26)

Let us now focus on the first term on the right-hand side of (26):

‖σ − σ (n) + μλρσ (n) − μJ T (�δ − �(σ (n)))‖2
= ‖σ − σ (n)‖2 + μ2‖λρσ (n) − J T (�δ − �(σ (n)))‖2

+ 2μλρ〈σ (n), σ − σ (n)〉 − 2μ〈J (σ − σ (n)),�δ − �(σ (n))〉
= ‖σ − σ (n)‖2 + μ2 1 + μλρ 2 + μ 3

We furthermore observe that

1 = ‖λρσ (n) − J T (�δ − �(σ (n)))‖2 ≤ 2λ2ρ2‖σ (n)‖2 + 2‖J T (�δ − �(σ (n)))‖2
≤ 2λ2ρ2‖σ (n)‖2 + 2β‖�δ − �(σ (n))‖2,

where used the upper bound in (21) since σ (n) ∈ dom(g) ⊂ K0,1; instead,

2 = 2〈σ (n), σ − σ (n)〉 = ‖σ‖2 − ‖σ (n)‖2 − ‖σ − σ (n)‖2

and, analogously,

3 = −2〈J (σ − σ (n)),�δ − �(σ (n))〉
= ‖�δ − �(σ (n)) − J (σ − σ (n))‖2 − ‖J (σ − σ (n))‖2 − ‖�δ − �(σ (n))‖2
≤ ‖�δ − �(σ (n)) − J (σ − σ (n))‖2 − α‖σ − σ (n)‖2 − ‖�δ − �(σ (n))‖2,

where we also used the lower bound in (21). The term �δ − �(σ (n)) − J (σ − σ (n)) can be
bounded as follows:

‖�δ − �(σ (n)) − J (σ − σ (n))‖2 ≤2‖�δ − �(σ)‖2 + 2‖�(σ) − �(σ (n)) − J (σ − σ (n))‖2
≤2‖�δ − �(σ)‖2 + 2γ ‖σ − σ (n)‖2,
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where we have used (22) with σ1 = σ and σ2 = σ (n). Collecting all the results in (26), we
get

‖σ (n+1) − σ‖2 ≤‖σ − σ (n)‖2 + 2μ2(λ2ρ2‖σ (n)‖2 + β‖�δ − �(σ (n))‖2)

+ μλρ
(‖σ‖2 − ‖σ (n)‖2 − ‖σ − σ (n)‖2)

+ μ
(
2‖�δ − �(σ)‖2 + 2γ ‖σ − σ (n)‖2 − α‖σ − σ (n)‖2 − ‖�δ − �(σ (n))‖2)

+ 2μλg(σ )

=(1 − μλρ − μα + 2μγ )‖σ (n) − σ‖2 + (2μ2λ2ρ2 − μλρ)‖σ (n)‖2
+ (2μ2β − μ)‖�δ − �(σ (n))‖2 + μλρ‖σ‖2 + 2μ‖�(σ) − �δ‖2 + 2μλg(σ ).

Imposing that 2μ2λ2ρ2 − μλρ ≤ 0 (i.e., μ ≤ 1
2λρ ) and 2μ2β − μ ≤ 0 (i.e., μ ≤ 1

2β ),
we finally retrieve (25), where we used again the non-negativity of g. Let us now define
q = 1 − μλρ − μα + 2μγ : then, applying (25) recursively, we get

‖σ (n+1) − σ‖2 ≤ qn‖σ (0) − σ‖2 + 4μJ δ
λ (σ )

n∑

i=0

qi .

This shows that, if we impose that q < 1 (which motivates the last bound in (23)), the
sequence {σ (n)} is bounded and convergent to a cluster point σ such that

‖σ − σ‖2 ≤ 4μ

1 − q
J δ

λ (σ ),

and substituting the expression of q we recover (24). ��
Let us briefly discuss the assumptions introduced in Theorem 2.

1. The hypotheses on the functional f are verified when the operator � is the one of EIT,
for a sufficiently large number of electrodes p and small discretization size h. Indeed, the
local injectivity of F ′

p,h and the Lipschitz continuity and differentiability of Fp,h on VT

in Theorem 1 ensure the lower and upper bounds in (21), whereas (22) is guaranteed by
the Lipschitz continuity of F ′

p,h .
2. The requirement 0 < α + λρ − 2γ in (23) imposes an important connection between

the ill-conditioning of J� (expressed by α since, from (21), the smallest singular value
of J�(σ) is larger than α2) and the non-linearity of � (encoded in γ ). It is in general
very difficult to check if the stronger condition 2γ < α is verified in the case of EIT;
nevertheless, we can leverage the presence of the regularization parameters λρ. Despite
this being restrictive in an asymptotic scenario as λ → 0, it is possible to verify that the
requirements in (23) are less restrictive than the ones entailed by the original computations
contained in [8], which would imply a condition like β + λρ < 3

2 (α + λρ) − 4γ .

As a corollary of Proposition 1 and of Theorem 2, we deduce the following convergence
rate for the error between the cluster point σ of (20) and the solution of the inverse problem.

Corollary 1 Let σ be the cluster point of the iterates (20) and σ † the solution of the inverse
problem (1). Suppose the assumptions of Proposition 1 and of Theorem 2 are verified, and
that moreover the last expression in (23) is replaced by 2γ < α. Then, for sufficiently small
δ, under the choice λ = Cδ, there exists a constant c (depending on α, γ, ρ, σ † and C) such
that

‖σ − σ †‖ ≤ c
√

δ (27)

123



49 Page 16 of 29 Journal of Scientific Computing (2024) 101 :49

Proof Substituting σ δ
λ in (24) and leveraging the explicit expression of the convergence rate

(17),

‖σ − σ †‖2 ≤ 2‖σ − σ δ
λ‖2 + 2‖σ δ

λ − σ †‖2

≤ 8

α + λρ − 2γ
J δ

λ (σ δ
λ ) + 8

λ(ρ − 2γ ‖w‖) (δ
2 + λ2‖w‖2).

Now, since by definition J δ
λ (σ δ

λ ) ≤ J δ
λ (σ †),

‖σ − σ †‖2 ≤ 8

α + λρ − 2γ

(
δ2

2
+ λρ

2
‖σ †‖2 + λg(σ †)

)

+ 8

λ(ρ − 2γ ‖w‖) (δ2 + λ2‖w‖2).

Exploiting now the fact that α − 2γ > 0 (and λρ > 0), under the choice λ = Cδ, we recover
the desired estimate for δ < 1:

‖σ − σ †‖2 ≤
(
4 + 4Cρ + 8g(σ †)

α − 2γ
+ 8(1 + C2‖w‖2)

C(ρ − 2γ ‖w‖)
)

δ. (28)

��
The next corollary provides an important insight into the choice of the regularization

functional g. Let us focus on the model expressed in (18), assuming that g is the sum of
a non-negative, convex, and continuous functional R (whose domain is, without loss of
generality, Rn), and the characteristic function χ K of the compact, convex set K ⊂ K0,1. In
particular, the following result discussed the importance of an educated choice of the set K ,
determining the domain of g.

Corollary 2 Suppose the assumptions of Theorem 2 are verified, and that the last expression
in (23) is replaced by 2γ < α. Let σK be the orthogonal projection of the exact solution σ †

onto K , i.e.,

σK = projK (σ †) = argmin
σ∈K

{‖σ † − σ‖}. (29)

Then, for sufficiently small δ, under the choice λ = Cδ, there exist two constants c1, c2
(depending on α, γ, ρ, g and C) such that

‖σ − σ †‖ ≤ c1
√

δ + c2‖σK − σ †‖. (30)

Proof We employ the inequality (24) replacing σ by σK . Then, it holds

‖σ − σ †‖2 ≤ 2‖σ − σK ‖2 + 2‖σK − σ †‖2

≤ 8

α + λρ − 2γ
J δ

λ (σK ) + 2‖σK − σ †‖2

≤ 8

α + λρ − 2γ

(

δ2 + ‖�(σK ) − �(σ †)‖2 + λρ

2
‖σK ‖2 + λg(σK )

)

+ 2‖σK − σ †‖2

We now recall that the map � is Lipschitz-continuous with a constant smaller than β, due to
(21) and to the mean-value inequality. Moreover, since K is contained within the compact
set K0,1, the quantities ‖σK ‖2 and g(σK ) = R(σK ) can be bounded by the constants �1 and
�2 respectively, both independent of K . Thus, for λ = Cδ and δ < 1, also employing that
α − 2γ > 0, we get
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‖σ − σ †‖2 ≤ 8 + 4Cρ�1 + �2

α − 2γ
δ +

(
8β

α − 2γ
+ 2

)

‖σK − σ †‖2. (31)

��
When comparing (27) and (30), one observes that, although the latter bound does not

guarantee the asymptotic accuracy of σ as δ → 0, it clearly outlines its dependence on the
choice of K . In particular, for a fixed δ, (30) shows that the error might be reduced if K is
chosen such that ‖σK − σ †‖ is extremely small, or even 0.
If the solution σ † is known to be s−sparse (i.e., to have at most s non-vanishing components),
one possible way to leverage this information (see e.g. [8]) is by considering K as the union
of all the s−dimensional coordinate hyperplanes in R

n . The projection onto such a space
can be easily computed (by selecting the s largest components of a vector, as in the Iterative
Hard Thresholding algorithm in [8]), but an overestimation of the sparsity level s may still
lead to an inefficient reconstruction.
In our case, we wish to select K in a more insightful way. In particular, suppose that an
Oracle function is available, taking as an input the measurements �δ and returning the exact
support of σ †. Employing such an output as the set K in algorithm (20)would allow canceling
the last term on the right-hand side of (30), thus obtaining better estimates. The quest for
such an Oracle functional can also be interpreted as the estimation of the support, or the
sparsity pattern of the solution, a problem that has been extensively studied in the context
of compressed sensing (see, e.g., [25, 45, 56]). Our approach, discussed in Section 7, relies
instead on statistical learning techniques, and in particular based on Graph Neural Networks,
to provide a data-driven approximation of the optimal Oracle functional.

6 Some explicit regularizationmodels

We now want to study more closely some choices of R and K in (10), which will also reflect
in more explicit expressions for the proximal operator of g appearing in (20) and defined in
(18).

In particular, we consider the following possible expressions for R:

(1) Sparsity-promoting regularization through �1 norm:

R(σ ) = ‖σ − σ0‖1, σ0 ∈ [c0, c1] ⊂ R
n . (32)

This reflects the assumption that σ differs from a known reference conductivity σ0 only
in a few components. The proximal map in this case reads as follows:

σ ∗ = proxλμR(σ ) = σ0 + Sλμ(σ − σ0),

where St is the element-wise soft-thresholding function, namely St : Rn → R
n such

that, for i = 1, . . . , n,

[St (ν)]i = sign(νi )max(0, |νi | − t).

(2) Anisotropic Total Variation (TV) on meshes (see [17]):

R(σ ) = TV(σ ) =
n∑

i=1

∑

k∈Ni

wik |σi − σk |, (33)

where, for each i ,Ni denotes the set of indices k ∈ {1, . . . , deg(i)}, with deg(i) denoting
the valence of vertex i th. The positive weight wik is instead defined as the inverse of the
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(Euclidean) distance between the i-th vertex and its k-th adjacent vertex. The proximal
map associated with this choice

σ ∗ = proxλμR(σ ) = arg min
x∈Rn

{
1

2
‖x − σ‖22 + λμT V (x)

}

(34)

can be approximately computed according to a procedure proposed in [43] and general-
ized in [17] for polygonal meshes. Let σ ∗ be the fixed point of the following equations,
stated on its components

σ ∗
i = argmin

x∈R

⎧
⎨

⎩

1

2
(x − σi )

2 + λμ
∑

k∈Ni

wik |x − σ ∗
k |

⎫
⎬

⎭
. (35)

Following [43, Theorem 3.2 and Remark 3.1], the solution of problem (35) can be
obtained as the limit of the sub-iterations

σ
(l+1)
i = argmin

x∈R

⎧
⎨

⎩

1

2
(x − σi )

2 + λμ
∑

k∈Ni

wik |x − σ
(l)
k |

⎫
⎬

⎭
, (36)

and for each i and l the unique solution of (36) can be efficiently computed by the median
formula proposed in [43]

σ
(l+1)
i = median

{
σ

(l)
1 , . . . , σ (l)

n , σ
(l)
i + λμW0, σ

(l)
i + λμW1 . . . , σ

(l)
i + λμWn

}
,

(37)

where the values σk of the vertices k ∈ Ni are sorted in increasing order, and

W j = −
j∑

k=1

wk +
n∑

k= j+1

wk, j = 0, .., n. (38)

A discussion on the convergence to the global anisotropic TV problem (34) by iterating
the local optimization problem (35), is provided in [43].

Regarding K we consider the following cases:

(i) Box constraint in Rn : given 0 < c0 < c1,

K = [c0, c1]n, χ K (σ ) =
n∏

i=1

χ [c0,c1](σi ). (39)

This restriction is mandatory in order to ensure that the conductivity σ is non-vanishing
and bounded away from 0, hence the EIT problem is well-defined.

(ii) Oracle-based projection:

K = [c0, c1]n ∩ �O, (40)

being �O a coordinate hyperplane conducted through a reference point σ0, i.e., of the
form:

�O = {
x ∈ R

n : xi − σ0,i = 0 ∀i ∈ {1, . . . , n} \ IO
}
, (41)

where IO denotes the set of active coordinates. The knowledge of �O (i.e., of the
expected support of σ −σ0) can be seen as the outcome of a separate support estimation
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problem, and acts as an Oracle for the PGM scheme (20). The projection onto �O can
be performed as follows:

proj�O (σ ) = σ0 + MO � (σ − σ0),

where � denotes the element-wise product of vectors and MO ∈ R
n is the mask

associated with the Oracle O, namely, a vector such that [MO]i = 1 if i ∈ IO and 0
otherwise.

The following result significantly simplifies the computation of proxλμg in (20) for our
proposed choices of R and K .

Proposition 2 (Proximal map of g) Let g be a proper, convex and continuous function defined
as

g(σ ) = R(σ ) + χ K (σ ), (42)

where R is a non-negative, proper, continuous, convex functional, and K ⊂ K0,1 = [c0, c1]n

is a convex and closed set in R
n. If R is chosen as in (32) or (33) and K as in (39) or (40),

then the proximal of g is summative, proxg = proxχ K
◦ proxR, and, in particular, it satisfies

proxλμg = projK ◦ proxλμR . (43)

Proof Both the choices of K lead to characteristic functions χ K (σ ) which can be written as
the product of n functions, each in one component σi . This is also the case for R in (32).
Hence, in these cases, (43) follows by [15, Proposition 2.2]. Instead, when R is chosen as in
(33), both R and K fit the hypotheses of [50, Proposition II.2], which entails (43). ��

The previous result can be extended also to other separable functionals R, as the one in
(32), which can be decomposed with respect to the components of σ , i.e., that can be written
as R(σ ) = ∑n

i=1 ψi (σi ), being ψi : R → R non-negative, continuous and convex. This
class includes, for example, the choices R(σ ) = ‖σ‖p

p for p ≥ 1. Moreover, the theoretical
treatment of case (33) can be extended to functionals that have different definitions of the
weights wik , also replacing the absolute value |σi − σk | by the difference σi − σk . This
includes, for example, wavelet operators defined on meshes. Moreover, it can be extended to
the case R(σ ) = TV(σ − σ0), for σ0 ∈ [c0, c1]n .

To summarize, our sparsity-inducing proposal to solve the inverse EIT reconstruction
problem is based on the solution of the optimization problem (10) with g(σ ) defined as in
(42), which reads as

σ δ
λ ∈ argmin

σ∈Rn

{

J δ
λ (σ ) := 1

2
‖�(σ) − �δ‖2 + λρ

2
‖σ‖2 + λR(σ ) + χ K (σ )

}

. (44)

To this aimwe propose the Proximal-Gradient method defined in (20) which is characterized
by four different algorithms according to the choice of R and K in (44), which consequently
affects the solution of the proxλμg problemwith g defined in (42). In particular, by considering
the four different combinations of R and K , we achieve the following algorithms:

PGM-�1 : R is chosen as in (32) and K as in (39), promoting sparsity of the difference
from the reference σ0 and imposing the state constraints on σ ;

PGM-TV : R is chosen as in (33) and K as in (39), promoting sparsity of gradient
of σ and imposing the state constraints on σ ;

PGM-�1-MO : R is chosen as in (32) and K as in (40), employing a pre-trained Oracle
to select the support of σ − σ0;
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PGM-TV-MO : R is chosen as in (33), and K as in (40), employing a pre-trained Oracle
to select the support of σ − σ0.

The last two algorithms require the preliminary estimate of the support by means of the
pre-trained Oracle, procedure that will be described in the next section.

7 Support Estimation via Oracle-Net

We devised an Oracle-based strategy to predict the expected support IO of a conductivity
distribution σ starting from a set of measurements �δ . The support IO allows to classify
σ on the vertices of the mesh domain Th as belonging to an inclusion, when σi �= σ0,i , or
belonging to the background σ0. The Oracle O produces a binary mask MO on the vertices
of the mesh Th , with [MO]i = 1 for vertex vi if i ∈ IO , and 0 otherwise.

We employed a Graph-U-Net architecture, termed Oracle-Net, to model O. This archi-
tecture, inspired by U-Net, is tailored for graph/mesh data as described in [18, 24]. The
Graph-U-Net is an autoencoder architecture based on convolutional graph operators and
gPool and gUnpool operators. The pool (gPool) operator samples some nodes to form a
coarser mesh while the unpool (gUnpool) operator performs the inverse process, by increas-
ing the number of nodes exploiting the list of node locations selected in the corresponding
gPool, see [26] for details.

The architecture of the Oracle-Net neural network is depicted in Fig. 1. Each layer T� is
characterized by the composition of a GCN-based graph convolution [38], a ReLU activation
function s, and a gPool/gUnpool operator, here denoted by a generic p. T� applies to the
input feature array X ∈ R

n×nc , namely

T� : X �→ s(GC N (p(X);��)), (45)

where �� ∈ R
nc×n f denotes the trainable weight matrix of layer �, and nc, n f are, respec-

tively, the number of input, output features of the layer T�. The Oracle-Net with 2P layers
performs the following composite function

O(X) := T gU
2P ◦ · · · ◦ T gU

P+1
︸ ︷︷ ︸

decoder

◦ T g P
P ◦ · · · ◦ T g P

1︸ ︷︷ ︸
encoder

(X), (46)

where T g P
� , for � = 1, . . . , P applies a gPool operation to the feature vector, while T gU

� ,
for � = P + 1, . . . , 2P applies a gUnpool operation. The last decoder layer uses a sigmoid
activation function s in (45) which returns the probability that v belongs to the support.
A binary mask MO in {0, 1}n is generated by applying a threshold of value σth during the
inference phase.Wefinally remark that the technicality of skip-connections has been inherited
in Oracle-Net from Graph-U-Net, although not evident from the abstract model reported in
(46).

Oracle-Net processes a mesh Th (identical for the discretization of the variable σ and
for the numerical solution of the differential problem, hence T = Th) and its adjacency
matrix as input. Additionally, for each vertex v ∈ Th , it receives a weight vector w ∈ R

m

that modulates the impact of potential measurements on v. According to the selected mea-
surement protocol the weight distribution w changes, as illustrated in Fig.2(a) for adjacent
injection, adjacent measurement, (I[Ek ,Ek+1], V[E j ,E j+1]), and in Fig.2(b) for opposite injec-
tion, adjacent measurement, (I[Ek ,Ek+p/2], V[E j ,E j+1]). Specifically, each vector component
wi corresponding to an injection-measurement pair quantifies the measurement’s influence
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Fig. 1 Oracle-Net architecture

)b()a(

Fig. 2 Oracle-Net, weight vector setup: (a) adjacent injection-adjacent measurements; (b) opposite injection-
adjacent measurements

on mesh vertex vi and is calculated as follows:

wi = 1

di
V + di

I

V[E j ,E j+1] , (47)

where di
V is the distance from the vertex vi to the midpoint between the pairs of electrodes

involved in themeasurements [E j , E j+1], and di
I is the distance between the vertex vi and the

midpoint between the pairs of electrodes used for the injection, [Ek, Ek+1] or [Ek, Ek+p/2].
Oracle-Net is a supervised GNN which in the training phase takes in input the exact

support mask MO for each training sample j for j = 1, . . . , N , and computes the optimal
parameters � by minimizing the joint loss function:

L(�) :=
N∑

j=1

( ∑

i

BC E(pi (�), [MO] j
i ) +

∑

i

M SE(pi (�), [MO] j
i )

)
(48)

where BC E(q1, q2) is binary cross-entropy between the target GT (q2) and the input prob-
ability (q1) in one single class, and M SE(q1, q2) applying an L2 norm to minimize the
difference between the ground truth q2 and the probability q1 obtained by the graph network
at vertex vi .
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8 Numerical Results

This section presents numerical results that illustrate the performance of the proposedOracle-
Net-based Proximal Gradient Method for the nonlinear inverse EIT reconstruction problem.
Section 8.1 presents a validation of Oracle-Net for support estimation. Section 8.2 demon-
strates reconstruction performance on a 2D dataset, considering both noise-free and noisy
conditions. Finally, Section 8.3 explores the relationship between the number of measure-
ments and Oracle mask sparsity, an area well-understood in linear compressed sensing but
still open for nonlinear problems like inverse EIT.

The data used for the experimental session consists of a 2D synthetic EIT conductivities
generated on a mesh Th composed of n = 1602 vertices and Nh = 3073 triangles. We will
refer to them as Ground Truth (GT). All examples simulate a circular tank slice of unitary
radius. In the circular boundary ring, p = 32 equally spaced electrodes are located. The
conductivity of the background material is set to be σ0 = 1.0	m−1. Each sample consists of
a random number from 1 to 4 of inclusions inside the circular tank, localized randomly and
characterized by random radius in the range [0.15, 0.25] and magnitude in the range [0.2, 2].
Each inclusion consists of a homogeneous material with the same conductivity intensity. The
region covered by the inclusions is significantly less than the total tank area, this leads to the
sparsity both in the solution vector σ − σ0, and in its gradient.

The acquisition of m measurements is simulated through adjacent injection - adjacent
measurement protocol for the results reported in Section 8.1, and opposite injection - adjacent
measurement protocol for the experiments illustrated in Sections 8.2 and 8.3. In all the
examples the setup is considered blind, that is no a priori information about the sizes or
locations of the inclusions is considered. In the forward calculations of �(σ) in (10) we
applied the KTCFwd forward solver, a two-dimensional version of the FEM described in
[55], kindly provided by the authors (website https://github.com/CUQI-DTU/KTC2023-
CUQI4), which is based on a FEM implementation of the CEM model on triangle elements.
The electric potential is discretized using second-order polynomial basis functions, while the
conductivity is discretized on the nodes using linear basis functions on triangle elements.

8.1 Oracle-Net Validation

For the training of the Oracle-Net, we used an ad hoc designed dataset which consists of
5000 instances �δ , each of dimension m = 992. A portion of the dataset which is the 70%
of the total number is used for training, the 15% is used as a validation set and the remaining
15% is employed as the test set for performance assessment. Training of Oracle-Net has been
performed with ADAM optimizer, [37], using a learning rate equal to 2.5 × 10−3 through
2034 epochs with a mini-batch size of 10 instances.

As a figure of merit for assessing the performance of the Oracle-Net, we used the False
Negative (FN) value, which represents the percentage on the test sample of misclassified
vertices that corresponds to the vertices in the domain Th belonging to inclusions which are
misclassified as background. For the success of the reconstruction algorithm, this represents
the major drawback produced by the Oracle-Net since the misclassified vertices will not be
carried out by the reconstruction algorithm.

In Fig.3we report the idealOraclemask (directly obtained by the ground truth conductivity
distribution) superimposed to the mask MO obtained by the Oracle-Net for six different
samples. For increasing threshold values σth = {0.4, 0.8, 0.9} the support estimated by the
Oracle-Net enlarges,while the FNmeasure, reported in the bottomof eachmask, decreases. In
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Fig. 3 Ideal Oracle (solid) superimposed to the learned Oracle mask MO (in transparency). Top to bottom:
three different thresholds σth (rows) applied to six different samples (columns)

Fig. 4 Noise-free datasets, reconstructions with the different algorithms applying opposite-adjacent protocol
and σth = 0.8 for the threshold of the Oracle-Net result

Fig. 3, in the first two columns the samples are obtained by an adjacent-adjacent protocol (see
Fig.2(a)), while for the results in the other columns an opposite-adjacent protocol has been
applied (see Fig.2(b)). The protocol indeed has no impact on the quality of the resultingmasks.
We finally remark that Oracle-Net generates the mask MO in real-time during inference.
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Fig. 5 Noisy dataset, reconstructions with the different algorithms applying opposite-adjacent protocol and
σth = 0.8 for the threshold of the Oracle-Net result

8.2 EIT Reconstruction Results

The inference phase of the Oracle-Net allows us to determine the estimated support mask
MO for a given set of new measurements (unseen from the Oracle). Then the conductivity σ

is computed by applying the PGM algorithm.
In order to investigate the influence on the performance of the Oracle-Net in the EIT

reconstruction problem (10), we compared the results of PGM-TV-MO and PGM-�1-MO ,
which exploit the Oracle-Net estimated support, with the standard PGM algorithms PGM-
TV and PGM-�1, analogously regularized. In all the reported experiments, we selected the
optimal λ value through trials and errors, while the ρ value was fixed to be 10−12. All
reconstruction algorithms terminate when either the maximum number of iterations (1000)
is reached or the relative change in the iterative solution values falls below a tolerance of
10−6.

First, we consider the case where the measurement error η in (1) vanishes.
In Fig.4 we show some sample conductivity reconstructions and we report below the cor-

responding Peak-SNR (PSNR), used to measure the quality of the reconstruction. For each
sample, thefirst column represents the estimated support MO pre-computedby theOracle-Net
together with the FN value associated, the second column illustrates the target GT reconstruc-
tion, and from the third to the sixth columns the computed reconstructions achieved by the
different algorithms are shown, with corresponding PSNR. From a visual inspection of the
illustrated results and from the PSNR values reported, we can observe the benefit of incorpo-
rating the Oracle-Net estimated support into the PGM algorithmic framework. PGM-TV and
PGM-�1 achieve lower performance than their Oracle-Net-based counterparts. Moreover,
the use of the TV regularizer seems to be beneficial with or without Oracle exploitation. We
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Fig. 6 Left - Plot of the relative errors in the recovery of four samples σ with increasing gradient s-sparsity
obtained by PGM-TV-MO with an increasing number of measurements m. Right - Plot of the empirical
relation between the number of measurements m and the sparsity factor s

remark that the benefits of using the estimated support MO produced by Oracle-Net are not
limited to the qualitative aspect, but also concern computational efficiency. Reconstruction
methods utilizing the MO mask converge at twice the speed of their counterparts without it,
as demonstrated by average performance across multiple experiments.

We finally evaluate the robustness against measurements corrupted by additive noise. The
measured voltage is computed by the forward model KTCFwd and recorded as a vector
Vm = �(σ) ∈ R

m . According to the degradation model (1), the noiseless measures Vm are
corrupted by additive white Gaussian noise to simulate experimentally measured voltages,
with noise level δ̄:

η = δ̄ ‖Vm‖2 n̄, n̄ ∈ N (0, 1). (49)

The Signal to Noise Ratio (SNR) in dB is calculated as SN R = 10 log10(
‖Vm‖22
‖η‖22

).

In Fig.5 some examples of conductivity reconstructions are illustrated. The collected
voltage has been corrupted by adding a realization of randomnoisewithGaussian distribution
with noise level δ̄ = 2.5 × 10−3 (added noise is such that the intrinsic SNR is 40dB). We
observe that, even though theOracle-Netwas trained on noiseless data, themask MO obtained
in inference with noise measurements - see Fig.5 first column - is sufficiently accurate, and
PGM algorithm performs very well also with noise measurements. A natural consequence of
having noise-corrupted measurements is the degradation in the conductivity reconstruction.
A quantitative comparison of the third columns in Fig.4 and Fig.5 reveals a degradation in
reconstruction performance as measured by PSNR values. Similarly, the fourth columns of
these figures, which do not incorporate the Oracle Mask, exhibit analogous behavior.

8.3 Experimental Compressed Sensing Issues

The quality of the reconstructed conductivity σ is strictly related to the quantity m and the
quality of the acquired measurements VM . In this simplified context we are aware of neglect-
ing many other factors that could affect the reconstruction accuracy, i.e., the mismodeling of
the domain, or themisplacement of electrodes. However, it is clear that obtaining high-quality
EIT reconstructions with a reduced number of electrodes (and thus of measurements) would
be of great help to reduce the costs and increase the reliability of EIT systems in practical
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applications. It would be even more useful to know the sufficient number of measurements
needed to recover an optimal σ , under sparsity conditions on the unknown conductivity.

A well-known result in well-posed linear CS asserts that when σ ∈ R
n is s-sparse, the

recovery via �1-minimization is provably exact, using at least a number of measurements
m roughly of order O(s log n). To the best of our knowledge, a similar result has not been
achieved yet in the case of nonlinear measurements. To conclude this numerical session we
would like to investigate, at least from an experimental point of view, the relation between the
s-sparsity factor, which characterizes the conductivity σ to be reconstructed, and the number
of nonlinear measurements m, needed to obtain an optimal recovery.

At this aim we applied PGM-TV-MO algorithm to the reconstruction of four conductivity
samples with different levels of sparsity of the gradient, using an increased number m of
measurements, randomly chosen among the total available measures. In the idealized set-up,
each sample is noise-free and contains a single circular inclusion, with a different radius; for
increasing radius values the sample represents a decreasing s-sparsity value, characterized by
s := ||∇σ ||0 = {144, 168, 192, 216}. In Fig. 6, left panel, we report the averageof the relative
�2 reconstruction errors rel_err := ‖σ − σ ∗‖2/‖σ‖2 obtained for each of the four sample,
running 100 times the EIT reconstruction algorithm. The number ofmeasurementsm used for
solving the inverse EIT reconstruction problem varies in the range m = {16, 64, 256, 1024}.

The horizontal solid red line indicates the error threshold below which the reconstruction
can be considered optimal (with relative error rel_err = 5 × 10−5, which corresponds to
PSNR=90).As expected,when the gradient-sparsity decreases, which corresponds to increas-
ing values of s, the number of measurements necessary to obtain an optimal reconstruction
increases. Finally, it should be emphasized that, for samples with a more severe s-sparsity,
beyond a certain threshold, the improvement in reconstruction, in the face of an increase in
the number of measurements (from m = 256 to m = 1024), is no longer significant.

The plot in Fig.6, right panel, represents the empirical relation between the number of
measurements m and the sparsity factor s, obtained by interpolating the points in the plot -
Fig. 6(left panel) - which intersect the optimal recovery line (in solid red). The employed CS
framework enables efficient reconstruction of conductivity distributions from a significantly
reduced number of measurements compared to the data dimensionality. Consequently, the
plot in Fig.6, right panel, aids in determining the minimum measurement count required for
optimal conductivity recovery σ , assuming sparsity conditions on the unknown conductivity.

9 Conclusions

This paper demonstrated a proof of concept study in using CS techniques in the numerical
solution of nonlinear ill-posed inverse problems. We proposed a sparsity-aware PGM for
the solution of a variational formulation of the EIT inverse problem. The sparsity inducing
role is taken by a new concept of “Oracle” which infers the optimal support for a given
set of nonlinear measurements. By exploiting the sparsity or compressibility of the signal
distribution, CS reduces the amount of data needed for accurate reconstruction. The Oracle is
designed by an autoencoder GNN that automatically predicts a binary mask which localizes
the inclusions thus reducing memory requirements and processing time while maintaining
recovery accuracy. The accurate recovery is demonstrated, using the proposed sparsity-aware
PGM algorithm, under the requirements that the Jacobian of the measurement system �

satisfies a RIP-like condition and that � is mildly nonlinear. Moreover, we shed light on
the problem of determining how few measurements suffice for an accurate EIT sparsity-
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regularized reconstruction, a well-known result in well-posed linear CS. An interesting future
direction will address this issue. Finally, we will consider other interesting nonlinear CS
contexts where the proposed Oracle-based strategy can be successfully applied.
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