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A B S T R A C T

We consider a real-world three-dimensional container loading problem in which the objective is to maximize
the volume of the items packed into a single vehicle. While container loading problems have been extensively
studied in the literature, our case study displays a set of item features (rotation, medium-sized dimensions,
stackability, weak heterogeneity) that was not often considered together in previous research papers. In fact,
we show that some of these features can be exploited in an innovative way to derive more effective exact
algorithms. We first describe a compact integer programming model to solve the problem exactly together
with a number of ad hoc reduction procedures and modeling tricks to enhance the empirical performance of
the model. We then present a sequential approach where one generates item columns in a first stage and then
solves a two-dimensional knapsack problem afterwards and show that each of the two components is -hard.
Thereafter, we introduce a set of exact algorithms based on Benders’ decomposition. We identify three ways to
split the problem decisions (deciding if an item should be packed, in which column, in which 𝑥-coordinate, and
in which 𝑦-coordinate) into the classical master-subproblem framework and we observe trough an extensive
set of computational experiments on both real and randomly generated instances that not all decomposition
methods are as competitive as the others. We conclude our work by showing how relevant extensions of the
problem related to item fragility and customer visit order can be taken into account. Overall, this work aims at
establishing a bridge between the theoretical field of two-dimensional packing problems and the more practical
field of container loading problems.
1. Introduction

Third-party logistic service providers are responsible for door-to-
door deliveries of goods using vehicles. Each day, there is a set of goods
that needs to be transported from the service provider to one or several
customers. In this work, we are interested in a practical case originating
from a Dutch company, Nunner Logistics, in which the packing layout
of a single truck needs to be optimized.

The problem faced by Nunner Logistics can be summarized as
follows. In the early morning, the company is given a set of pallets (also
called ‘‘items’’ in the following) that needs to be delivered to customers
with a single vehicle (also called ‘‘truck’’ in the following). As there
is only one delivery per day, the objective is to maximize the space
occupied by the pallets in the daily packing layout. In practice, it often
happens that every pallet fits within the truck. As far as packing layout
is concerned, Nunner first stacks the pallets on top of each other to
create item columns that are then positioned into the truck before the
vehicle starts its daily delivery route.
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This problem, which is known as the single container loading prob-
lem in the literature, has been extensively studied by the research
community. Nevertheless, as observed by Bischoff and Ratcliff [1],
existing approaches to container loading problems cannot always be
modified to take into account ad hoc constraints. The authors also
outlined that there were still ‘‘scenarios’’ (i.e., real-world problems)
for which no solution methods were proposed. Whereas the work
of Bischoff and Ratcliff [1] is now almost thirty years old, the obser-
vations made by the authors are still relevant today, especially when
it comes to exact algorithms: those are very scarce in the container
loading literature and the few existing approaches cannot easily be
extended to Nunner’s case.

Among the features that are specific to Nunner, we mention that:
(i) the items can be rotated by 90◦ (i.e., the width and the length of
an item are interchangeable, but not the height), (ii) the items are
relatively large when compared to the vehicle (the truck can accom-
modate around 15 × 3 columns of items), (iii) the items are weakly
vailable online 1 February 2024
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heterogeneous on some dimensions (an instance typically contains 5
or 6 distinct width–length couples) but not on the others (the item
heights and weights are more heterogeneous), (iv) only one item per
layer is allowed in a column, and (v) the item stackability (i.e., whether
an item can be stacked on top of another) can be fully captured in a
compatibility graph. In this work, we show how some of these features
can be exploited in order to derive exact algorithms able to solve the
daily instances faced by the company.

The main contributions of this paper are the following:

• We describe the optimization problem faced by Nunner Logis-
tics, formalize it with a mathematical model, and provide a
number of reduction procedures and modeling tricks to enhance
the empirical performance of the model. In particular, we show
how to exploit the fact that many items share the same widths
and lengths and we introduce a stronger preprocessing based on
integer programming aimed at simultaneously enlarging the item
dimensions and reducing the truck size. The latter strategy works
particularly well when the maximum number of items that can fit
side by side into the truck is relatively small.

• We describe a sequential approach where the first phase consists
in creating columns of items and the second phase consists in
loading the columns into the truck. We demonstrate that the
decision version of the two problems are -complete and out-
line the resemblance between the first phase and the well-known
kidney exchange problem.

• We introduce three Benders’ decomposition approaches in which
the master problem creates a set of columns with maximum uti-
lized space whereas the subproblem checks whether the selected
columns fit within the container. The difference between the
three approaches lies in the way in which the problem decisions
(i.e., deciding if an item should be packed, in which column, in
which 𝑥-coordinate, and in which 𝑦-coordinate) are split between
the two problems.

• We empirically evaluate each of the proposed methods on both
real instances provided by the company and randomly generated
instances based on similar real-world characteristics.

• We show how supplementary real-world features such as cus-
tomer multiplicity and another type of fragility constraints can
be integrated into the proposed approaches.

This work aims at extending the successful approaches recently pro-
posed for theoretical two-dimensional packing problems [2–4] to the
more practical field of container loading problems.

The rest of the paper is organized as follows. Section 2 reviews
the relevant literature and Section 3 formally defines the problem
and provides an initial mathematical formulation. Section 4 introduces
reduction procedures and modeling tricks to decrease the size of the
mathematical model and Section 5 describes a sequential approach
inspired by the approach used by the company and outlines the resem-
blance of one of its components with the kidney exchange problem.
Section 6 introduces three Benders’ decomposition methods aimed at
solving the problem exactly and Section 7 gives a summary of the
results obtained by extensive computational experiments on real and
random instances in addition to showing how supplementary real-
world features could be taken into account. Finally, concluding remarks
are provided in Section 8.

2. Literature review

The container loading problem is one of the cutting and packing
(C&P) problems that has been the most extensively studied in the
literature. We refer the reader to the works of Silva et al. [5] and Zhao
et al. [6] for two recent surveys on the topic. In a standard container
loading problem, one wants to pack three-dimensional items (such as a
product or a pallet) into three-dimensional rectangular containers (such
as a truck or a ship) in order to optimize an objective function (such as
minimizing the unused container space or maximizing the profit of the
2

items packed) while satisfying a given set of constraints. Some of these
constraints are shared by most (if not all) container loading problems:
this is the case of non-overlapping constraints (two items cannot occupy
the same space within the container) and capacity constraints (the
items must fit entirely within the container). There are also problem-
specific constraints (see [7] for a comprehensive review on the topic)
such as stacking constraints (a heavy item cannot be packed on top of
a fragile item) and conflict constraints (some items cannot be packed
together in the same container). In the following, we review the C&P
literature that is the most relevant to our study.

When only non-overlapping and capacity constraints are taken
into account, the container loading problem is similar to the well-
known three-dimensional bin packing problem (or three-dimensional
knapsack problem, depending on the problem characteristics). We refer
the reader to the recent work of Silva et al. [8] for a comparative
study of exact approaches on three-dimensions packing problems. The
algorithms evaluated in [8] cannot always be extended to incorporate
problem-specific constraints, and even when they can, the size of the
instances encountered in real-world cases is often unsuitable for exact
methods. This is why older [9–11] and more recent approaches [12–14]
aimed at solving real-world container loading problems belong to the
category of (meta)heuristics. Nevertheless, a few research papers [15,
16] proposed exact approaches for solving targeted container loading
problems.

Even though adding a practical constraint to a C&P problem such as
enforcing the packing to be stable or balanced [16,17] usually makes
the problem more difficult, there are some cases in which requiring the
packing to have certain properties allows for more effective solution
methods (e.g., enforcing the cutting patterns to be guillotinable [18]).
At Nunner logistics, items are first stacked into columns before being
positioned into the truck and every layer in a column is composed of
exactly one item. Such a requirement (that shares some similarities with
one-stage guillotinability) can be exploited in order to derive simpler
optimization algorithms. One common strategy when dealing with
container loading problems with stacked columns is to decompose the
problem into two components and solve them sequentially. For exam-
ple, Haessler and Talbot [19] developed a heuristic procedure that was
implemented at a large U.S.-based company in which the items where
first stacked into columns and then loaded into the truck. Gehring and
Bortfeldt [20] used a similar strategy in their genetic algorithm and
enriched the loading component by including a number of practical
constraints. Toffolo et al. [21] solved a more complex version of the
problem in which several items could be packed into the same layer.
The authors generated a set of initial solutions through heuristics and
improved the resulting packing layouts with a local search algorithm.

Whereas such a sequential strategy cannot return a certificate of
optimality (even if each component is solved exactly), there exists more
advanced frameworks such as Benders’ decomposition that can. To the
best of our knowledge, Benders’ decomposition has not yet been used to
solve the container loading problem with stacked columns, but it was
used to solve other container loading problems. For example, in the
recent work of Do Nascimento et al. [22], the first component decides
the set of items that should be packed into the container and the second
component checks whether or not there exists a feasible packing of
the selected items that satisfies the loading constraints. Polyakovskiy
and M’Hallah [23] used a similar strategy to solve an extension of the
two-dimensional bin packing problem.

Decomposition methods were also proven to be very effective when
solving two-dimensional C&P problems. We mention in particular the
works of Côté et al. [2] and Delorme et al. [4] who used such methods
to solve the strip packing problem, where the first component decides
the strip height and a suitable 𝑥-coordinate for every item and the
second component checks whether or not the packing can be completed
with a suitable 𝑦-coordinate for every item. We also mention the
relevant work of Côté et al. [3] who used a similar strategy to solve the

two-dimensional bin packing problem. In this work, we show that the
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aforementioned Benders’ decomposition approaches can be extended
to tackle the three-dimensional packing problem faced by Nunner by
intelligently modeling the stacking component of the problem and
exploiting the item multiplicity.

3. Problem definition

We are given a set of 𝑛 three-dimensional items to be delivered to
unique customer using one truck. The truck has width 𝑊 , length 𝐿,
eight 𝐻 , and capacity 𝐾 (the maximum weight the truck can handle).
very item 𝑖 (𝑖 = 1… , 𝑛) has width 𝑤𝑖, length 𝑙𝑖, height ℎ𝑖, weight 𝑘𝑖,

and profit 𝑝𝑖. Without loss of generality, we assume that 𝑤𝑖, 𝑙𝑖, ℎ𝑖 (𝑖 =
… , 𝑛),𝑊 ,𝐿, and 𝐻 are integers. Note that, if this is not the case, one
an multiply each dimension by a sufficiently large coefficient. In our
pplication, the profit of an item is equal to its area (i.e., 𝑝𝑖 = 𝑤𝑖 ⋅ 𝑙𝑖).
s items can be rotated by 90 degrees (i.e., the width and the length of
n item are interchangeable), each of the 𝑛 items is duplicated once to
epresent its rotated version. Therefore, item 𝑛+ 𝑖 is the rotated version
f item 𝑖 (𝑖 = 1… , 𝑛).

We say that an item is packed in coordinate (𝑤, 𝑙) if the bottom left
orner of the item is located at abscissa 𝑤 and ordinate 𝑙 of the truck. All
he points (𝑤, 𝑙) in which item 𝑖 (𝑖 = 1… , 2𝑛) can be packed are gathered
n set 𝑖. A trivial definition of 𝑖 includes every point (𝑤, 𝑙) such that
= 0,… ,𝑊 −𝑤𝑖 and 𝑙 = 0,… , 𝐿 − 𝑙𝑖. We say that item 𝑖 (𝑖 = 1… , 2𝑛)
ccupies (𝑤, 𝑙) if a portion of the item fills the unit length square with
ottom left corner (𝑤, 𝑙), or in other words, if the item is packed in point
𝑤′, 𝑙′) such that 0 ≤ 𝑤 −𝑤𝑖 + 1 ≤ 𝑤′ ≤ 𝑤 and 0 ≤ 𝑙 − 𝑙𝑖 + 1 ≤ 𝑙′ ≤ 𝑙. All
he points (𝑤′, 𝑙′) for which item 𝑖 would occupy (𝑤, 𝑙) if the item was
acked in (𝑤′, 𝑙′) are gathered in set  (𝑤,𝑙)

𝑖 .
As some items can be stacked on top of other items, we also consider

compatibility graph  = ( ,) where vertex set  = {1,… , 2𝑛}
ontains one node per item and where arc set  contains arc (𝑖, 𝑖′) if
tem 𝑖′ can be stacked on top of item 𝑖. In practice, item 𝑖′ can be stacked
n top of 𝑖 (𝑖 = 1,… , 2𝑛, 𝑖′ = 1,… , 2𝑛) if the six following conditions
re met: (i) the width of 𝑖 is larger than or equal to the width of 𝑖′,
ii) the length of 𝑖 is larger than or equal to the length of 𝑖′, (iii) the
eight of 𝑖 is larger than or equal to the weight of 𝑖′, (iv) both 𝑖 and

′ are stackable (a binary information related to the items that is only
sed for the purpose of stackability), (v) the surface of 𝑖 is flat (another
inary information related to the items that is also only used for the
urpose of stackability), and (vi) 𝑖′ is neither 𝑖 nor the rotated version
f 𝑖. One can observe that due to such requirements, there is a form of
ymmetry in the compatibility graph that makes the information about
he item rotation unnecessary (indeed, if item 𝑖′ can be stacked on top
f item 𝑖, then the rotated version of item 𝑖′ can be stacked on top
f the rotated version of item 𝑖). We can therefore merge nodes 𝑖 and
+ 𝑖 (𝑖 = 1,… , 𝑛) in graph . One may reduce symmetry even further
y not allowing any cycle in the compatibility graph. This can easily
e achieved when constructing  by not adding arc (𝑖′, 𝑖) if the arc set
lready contains arc (𝑖, 𝑖′). For modeling purposes, we define parameter
𝑖𝑖′ equals to 1 if (𝑖, 𝑖′) ∈  and 0 otherwise.

A set of items packed on top of each other is called a stacked column.
n item located at the bottom of a stacked column is called a bottom
tem. We define the index of a column by the index of its bottom item.

e say that an item is packed in position 𝑠 of stacked column 𝑖 if it is
tacked on top of 𝑠 − 1 items in the column originating from item 𝑖.
ote that if stacked column 𝑖 exists, then item 𝑖 is packed in position
of the stacked column. An item packed in position 𝑠 ≥ 2 of a stacked

olumn is called a stacked item. For practical purposes, at most 𝑆 items
an belong to the same stacked column. The mathematical notation is
ummarized in Table 1.

By introducing binary decision variables 𝜉𝑃𝑖 that take value 1 if item
(𝑖 = 1,… , 𝑛) is a bottom item and 0 otherwise, 𝜉𝑆𝑖 that take value
if item 𝑖 (𝑖 = 1,… , 𝑛) is a stacked item and 0 otherwise, binary

ecision variables 𝑥𝑖𝑤𝑙 that take value 1 if the bottom left corner of
( )
3

tem 𝑖 (𝑖 = 1,… , 2𝑛) is packed at abscissa 𝑤 and ordinate 𝑙 (𝑤, 𝑙) ∈ 𝑖 ,
nd 0 otherwise, and binary decision variables 𝑦𝑖𝑖′𝑠 that take value 1
f item 𝑖′ (𝑖′ = 1,… , 𝑛) is packed in position 𝑠 (𝑠 = 2,… , 𝑆) in stacked

column 𝑖 (𝑖 = 1,… , 𝑛), and 0 otherwise, the problem can be modeled as
follows:

max
𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑃
𝑖 +

𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑆
𝑖 (1)

s.t. 𝜉𝑃𝑖 =
∑

(𝑤,𝑙)∈𝑖

𝑥𝑖𝑤𝑙 +
∑

(𝑤,𝑙)∈𝑛+𝑖

𝑥𝑛+𝑖,𝑤,𝑙 𝑖 = 1,… , 𝑛, (2)

𝜉𝑆𝑖 =
𝑛
∑

𝑖′=1

𝑆
∑

𝑠=2
𝑦𝑖′ 𝑖𝑠 𝑖 = 1,… , 𝑛, (3)

𝜉𝑃𝑖 + 𝜉𝑆𝑖 ≤ 1 𝑖 = 1,… , 𝑛, (4)
𝑛
∑

𝑖=1
𝑘𝑖𝜉

𝑃
𝑖 +

𝑛
∑

𝑖=1
𝑘𝑖𝜉

𝑆
𝑖 ≤ 𝐾, (5)

𝑛
∑

𝑖′=1

𝑆
∑

𝑠=2
ℎ𝑖′𝑦𝑖𝑖′𝑠 ≤ (𝐻 − ℎ𝑖)𝜉𝑃𝑖 𝑖 = 1,… , 𝑛, (6)

𝑦𝑖𝑖′2 ≤ 𝑐𝑖𝑖′ 𝜉
𝑃
𝑖 𝑖 = 1,… , 𝑛, 𝑖′ = 1,… , 𝑛, (7)

𝑦𝑖𝑖′𝑠 ≤
𝑛
∑

𝑖′′=1

𝑐𝑖′′ 𝑖′𝑦𝑖,𝑖′′ ,𝑠−1 𝑖 = 1,… , 𝑛, 𝑖′ = 1,… , 𝑛, 𝑠 = 3,… , 𝑆, (8)

𝑛
∑

𝑖′=1

𝑦𝑖𝑖′𝑠 ≤ 1 𝑖 = 1,… , 𝑛, 𝑠 = 2,… , 𝑆, (9)

2𝑛
∑

𝑖=1

∑

(𝑤′ ,𝑙′)∈(𝑤,𝑙)
𝑖

𝑥𝑖𝑤′ 𝑙′ ≤ 1 𝑤 = 0,… ,𝑊 − 1, 𝑙 = 0,… , 𝐿 − 1, (10)

𝜉𝑃𝑖 , 𝜉
𝑆
𝑖 ∈ {0, 1} 𝑖 = 1,… , 𝑛, (11)

𝑥𝑖𝑤𝑙 ∈ {0, 1} 𝑖 = 1,… , 2𝑛, (𝑤, 𝑙) ∈ 𝑖, (12)

𝑦𝑖𝑖′𝑠 ∈ {0, 1} 𝑖 = 1,… , 𝑛, 𝑖′ = 1,… , 𝑛, 𝑠 = 2,… , 𝑆. (13)

Objective function (1) maximizes the value of the items inserted in the
truck (i.e., the value of the bottom items plus the value of the stacked
items). Constraints (2) and (3) link variables 𝜉𝑃𝑖 and 𝜉𝑆𝑖 with variables
𝑥𝑖𝑤𝑙 and 𝑦𝑖𝑖′𝑠. Constraints (4) ensure that an item can only be packed
once, either at the bottom of the truck or in a stacked column. Con-
straint (5) makes sure that the load capacity of the truck is respected.
Constraints (6) ensure that the height of every stacked column is at
most 𝐻 if it exists, and 0 otherwise. Constraints (7) ensure consistency
between 𝑥𝑖𝑘𝑙 and 𝑦𝑖𝑖′𝑠 variables. They also ensure compatibility between
every item packed in position 2 of a stacked column with the item
placed right below it, in position 1. Constraints (8) ensure compatibility
between every item packed in position 3 or above of a stacked column
with the item placed right below it. Constraints (9) prevent two items
to be packed in the same position of a given stacked column. Finally,
constraints (10) ensure that items do not overlap by checking that no
unit length square is occupied by more than one item. Model (1)–(13)
is referred to as COMPACT hereafter.

We end this section by outlining that COMPACT requires 𝑂(𝑆𝑛2)
variables and 𝑂(𝑆𝑛2 + 𝑊𝐿) constraints, which quickly become large
as 𝑊 and 𝐿 increase. We point out that there exists another stream of
mathematical models in the C&P literature that uses a set of continuous
decision variables to represent the packing coordinates of every item
in each dimension instead of discretizing the packing region [24,25].
Even though the size of such models solely depends on the number of
items 𝑛, they still require a set of 𝑂(𝑛2) binary variables and a set of
𝑂(𝑛2) big-M constraints to model the non-overlap requirements. Besides
the fact that most techniques introduced hereafter cannot be directly
applied to those models, preliminary experiments indicated that their
empirical performance is significantly worse than the one displayed by
COMPACT.

4. Preprocessing techniques

To improve the performance of an ILP model (i.e., the average

computing time required by a state-of-the-art ILP solver to solve a given
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Table 1
Mathematical notation.

Notation Definition

𝑊 ,𝐿,𝐻,𝐾 Width, length, height, and capacity of the truck
𝑆 Maximum number of layers per column
𝑛 Number of items
𝑛 + 𝑖 Index of the rotated version of item 𝑖
𝑤𝑖 , 𝑙𝑖 , ℎ𝑖 , 𝑘𝑖 , 𝑝𝑖 Width, length, height, weight, and profit of item 𝑖
(𝑤, 𝑙) Point located in abscissa 𝑤 and ordinate 𝑙
𝑖 Set containing all the points in which item 𝑖 can be packed
 (𝑤,𝑙)
𝑖 Set containing all the points in which item 𝑖 can be packed such that 𝑖 occupies (𝑤, 𝑙)

𝑐𝑖𝑖′ Coefficient taking value 1 if item 𝑖′ can be stacked on top of item 𝑖
a
t
e
w

l
t
i
n

t

0
r
s

instance of the model to optimality), it is common to first apply a set
of preprocessing techniques on the instance one wants to solve [2–4].
Such techniques can be used, for example, to reduce the size of the
model (i.e., the number of variables, the number of constraints, or the
number of non-zero elements in the coefficient matrix), to strengthen
the model continuous relaxation bound, or to remove some symmetry
in the model solution space. In the following, we outline three sets of
preprocessing techniques we used in our experiments: the first one is
aimed at adjusting the item and truck dimensions, the second one is
aimed at reducing the number of coordinates at which the items can
be packed, and the third one is aimed at exploiting the fact that many
items have the same packing dimensions (i.e., the same width and the
same length).

4.1. Adjusting the item and truck dimensions

Following the idea introduced by Alvarez-Valdés et al. [26], one
can reduce the truck height 𝐻 by one unit as long as there are no
combinations of item heights whose sum is equal to 𝐻 . In practice,
this can be done by solving the following knapsack problem:

max
𝑛
∑

𝑖=1
𝑧𝑖ℎ𝑖 ∶

𝑛
∑

𝑖=1
𝑧𝑖ℎ𝑖 ≤ 𝐻, 𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 𝑛),

and by setting 𝐻 to the optimal solution value of the problem. The
ame idea can be used to reduce the truck width 𝑊 (or length 𝐿)
fter making the necessary adjustments to take the item rotation into
ccount:

max
2𝑛
∑

𝑖=1
𝑧𝑖𝑤𝑖 ∶

2𝑛
∑

𝑖=1
𝑧𝑖𝑤𝑖 ≤ 𝑊 , 𝑧𝑖 + 𝑧𝑛+𝑖 ≤ 1 (𝑖 = 1,… , 𝑛),

𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 2𝑛).

As shown by Boschetti et al. [27], one can also increase the height
of an item 𝑖′ by one unit as long as there are no combinations of (other)
item heights whose sum is equal to 𝐻 − ℎ𝑖′ . In practice, this can also
be done by solving a knapsack problem for every item 𝑖′:

max
𝑛
∑

𝑖=1
𝑧𝑖ℎ𝑖 ∶

𝑛
∑

𝑖=1
𝑧𝑖ℎ𝑖 ≤ 𝐻 − ℎ𝑖′ , 𝑧𝑖′ = 0, 𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 𝑛),

and by setting ℎ𝑖′ to the height of the truck minus the optimal solution
value of the problem. Once more, the same idea can be used to increase
the width of an item 𝑖′ (or its length) after making the necessary
adjustments to take the item rotation into account:

max
2𝑛
∑

𝑖=1
𝑧𝑖𝑤𝑖 ∶

2𝑛
∑

𝑖=1
𝑧𝑖𝑤𝑖 ≤ 𝑊 −𝑤𝑖′ , 𝑧𝑖′ + 𝑧𝑛+𝑖′ = 0, 𝑧𝑖 + 𝑧𝑛+𝑖 ≤ 1 (𝑖 = 1,… , 𝑛),

𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 2𝑛).

Solving these knapsack problems can be done with dynamic pro-
gramming in negligible time for reasonable truck dimensions. However,
such a sequential process does not necessarily lead to the best results.
We propose to solve instead an ILP model aimed at simultaneously
4

m

adjusting all the item and truck measures for a given dimension. For
adjusting 𝐻 and ℎ𝑖 (𝑖 = 1,… , 𝑛), such an ILP model is as follows:

min 𝑛𝐻̄ −
𝑛
∑

𝑖=1
ℎ̄𝑖 (14)

s.t.
∑

𝑖∈𝐵
ℎ̄𝑖 ≤ 𝐻̄ 𝐵 ∈ 𝐻 , (15)

∑

𝑖∈𝐵
ℎ̄𝑖 ≥ 𝐻̄ + 1 𝐵 ∈ ◁

𝐻 , (16)

𝐻̄ ∈ N0, (17)

ℎ̄𝑖 ∈ N0 𝑖 = 1,… , 𝑛, (18)

where decision variable 𝐻̄ represents the adjusted truck height, deci-
sion variables ℎ̄𝑖 represent the adjusted height of item 𝑖, 𝐻 contains
every feasible set of items (i.e., every set of items 𝐵 such that ∑𝑖∈𝐵 ℎ𝑖 ≤
𝐻), and ◁𝐻 contains every infeasible set of items (i.e., every set of items
𝐵 such that ∑𝑖∈𝐵 ℎ𝑖 ≥ 𝐻+1). While solving such an ILP model is usually
impractical because the size of sets 𝐻 and ◁𝐻 grows exponentially
with 𝑛, this strategy works very well when only few items can fit side
by side in the truck (which is our case for the width and the height
dimensions). In Example 4.1, we provide an instance for which the
preprocessing obtained by solving model (14)–(18) is better than the
preprocessing obtained by solving a sequence of knapsack problems.

Example 4.1. Let us consider the following instance with 𝑛 = 9 items
with ℎ1 = ℎ2 = 4, ℎ3 = ℎ4 = ℎ5 = ℎ6 = 5, ℎ7 = ℎ8 = ℎ9 = 6, and
𝐻 = 20. One can observe that no adjustment occurs after applying the
standard preprocessing as ℎ1 + ℎ3 + ℎ4 + ℎ7 = 4 + 5 + 5 + 6 = 20 = 𝐻 .
However, using model (14)–(18) on the instance results in adjusted
item heights ℎ̄1 = ℎ̄2 = 2, ℎ̄3 = ℎ̄4 = ℎ̄5 = ℎ̄6 = 3, ℎ̄7 = ℎ̄8 = ℎ̄9 = 4,
nd adjusted 𝐻̄ = 12. We point out that every feasible set of items with
he original heights remains feasible with the adjusted heights, and that
very infeasible set of items with the original heights remains infeasible
ith the adjusted heights. □

While we are not aware of such a preprocessing being used in the
iterature to solve packing problems, we point out that the idea relies on
he work of Kartak et al. [28] who showed that one ‘‘can decompose the
nfinite set of one-dimensional cutting stock problem instances, with a fixed
umber of demanded pieces, into a finite number of equivalence classes’’.

The equivalence class of a given instance is determined after building
sets 𝐻 and ◁𝐻 whereas model (14)–(18) computes the instance with
he lowest 𝑛𝐻̄ −

∑𝑛
𝑖=1 ℎ̄𝑖 value within that equivalence class.

4.2. Reducing the number of packing coordinates

Following the seminal work of Christofides and Whitlock [29],
we use the concept of normal patterns to generate the set of packing
coordinates 𝑖 instead of including every point (𝑤, 𝑙) such that 𝑤 =
,… ,𝑊 − 𝑤𝑖 and 𝑙 = 0,… , 𝐿 − 𝑙𝑖. The authors outlined that ‘‘if a
ectangle [...] is to be cut [...] at some position 𝑥, then [...] there must be
ome combination of the lengths 𝑙𝑖 of the available pieces [...] whose sum

ust be exactly 𝑥’’. As a result, the set of packing coordinates 𝑖′ can be
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redefined for every item 𝑖′ so as to contain each point (𝑤, 𝑙) satisfying
the two non-related conditions:

𝑤 =
2𝑛
∑

𝑖=1
𝑧𝑖𝑤𝑖 ∶ 𝑤 ≤ 𝑊 −𝑤𝑖′ , 𝑧𝑖′ + 𝑧𝑛+𝑖′ = 0, 𝑧𝑖 + 𝑧𝑛+𝑖 ≤ 1 (𝑖 = 1,… , 𝑛),

𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 2𝑛),

𝑙 =
2𝑛
∑

𝑖=1
𝑧𝑖𝑙𝑖 ∶ 𝑙 ≤ 𝐿 − 𝑙𝑖′ , 𝑧𝑖′ + 𝑧𝑛+𝑖′ = 0, 𝑧𝑖 + 𝑧𝑛+𝑖 ≤ 1 (𝑖 = 1,… , 𝑛),

𝑧𝑖 ∈ {0, 1} (𝑖 = 1,… , 2𝑛).

Normal patterns can be computed using dynamic programming.
Two immediate supplementary reduction procedures consist in: (i)

removing from 𝑖 all packing coordinates (𝑤, 𝑙) such that 0 < 𝑊 −
(𝑤 + 𝑤𝑖) < 𝑤min (where 𝑤min is the width of the smallest item) and
replacing them by (𝑊 − 𝑤𝑖, 𝑙) and (ii) removing from 𝑖 all packing
coordinates (𝑤, 𝑙) such that 0 < 𝐿 − (𝑙 + 𝑙𝑖) < 𝑙min (where 𝑙min is the
length of the smallest item) and replacing them by (𝑤,𝐿− 𝑙𝑖). Indeed, if
packing an item 𝑖 at a certain coordinate (𝑤, 𝑙) would not leave space for
any other item in a given dimension

(

i.e., if either 𝑊 −(𝑤+𝑤𝑖) < 𝑤min
or 𝐿−(𝑙+ 𝑙𝑖) < 𝑙min

)

, then item 𝑖 can be pushed to the edge of the truck
on that dimension

(

i.e., item 𝑖 should be packed in (𝑊 − 𝑤𝑖, 𝑙) or in
(𝑤,𝐿 − 𝑙𝑖)

)

. Note that recent works showed that smaller subsets could
theoretically be obtained by using the so-called ‘‘meet-in-the-middle’’
patterns [30], but we did not observe any empirical improvement in
our computational experiments by doing so.

4.3. Exploiting the item packing dimension multiplicity

Even after implementing the aforementioned preprocessing and
variable reduction techniques, model COMPACT still struggles to solve
some trivial realistic instances because of its large size. While it is
known that solving such a model with an ILP solver does not generally
produce the best empirical results, one can use the fact that the item
widths and lengths are very homogeneous to significantly reduce the
model size and enhance its performance. From a packing perspective,
this can be seen as merging several items in a bin packing problem
to solve instead a cutting stock problem. The packing component of
the model (which only involves the width and the length of the items)
will use variables related to the item type whereas the rest of the model
(which involves more heterogeneous features such as weight, profit,
and stackability) will use variables related to the item index.

We create one item type 𝑗 ∈  per distinct couple (max{𝑤𝑖, 𝑙𝑖},
min{𝑤𝑖, 𝑙𝑖}) (𝑖 = 1,… , 𝑛). We call 𝑚 the number of item types (i.e., 𝑚 =
| |) and we use set  (𝑗) to gather the index of the items with type
𝑗 (𝑗 = 1,… , 𝑚). Each of the 𝑚 item types is duplicated once to represent
its rotated version. We redefine sets 𝑖,  (𝑤,𝑙)

𝑖 , sizes 𝑤𝑖 and 𝑙𝑖, and
binary decision variables 𝑥𝑖𝑤𝑙 (which were originally created for every
item index) such that they are now associated with the item types.
Those now appear as 𝑗 ,

(𝑤,𝑙)
𝑗 , 𝑤𝑗 , 𝑙𝑗 , and 𝑥𝑗𝑤𝑙 in the models. We also

introduce new integer decision variables 𝜉𝑃 -𝑇
𝑗 (𝑗 = 1… , 𝑚) that indicate

the number of times item type 𝑗 is a bottom item and link them with
variables 𝜉𝑃𝑖 (𝑖 = 1… , 𝑛) as follows:
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚.

We update constraints (2) and (10) to now use the item type instead of
the item index:

𝜉𝑃 -𝑇
𝑗 =

∑

(𝑤,𝑙)∈𝑗

𝑥𝑗𝑤𝑙 +
∑

(𝑤,𝑙)∈𝑚+𝑗

𝑥𝑚+𝑗,𝑤,𝑙 𝑗 = 1,… , 𝑚,

2𝑚
∑

𝑖=1

∑

(𝑤′ ,𝑙′)∈ (𝑤,𝑙)
𝑗

𝑥𝑗𝑤′𝑙′ ≤ 1 𝑤 = 0,… ,𝑊 − 1, 𝑙 = 0,… , 𝐿 − 1.
5

a

We finish by updating the domain constraints:

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚,

𝑥𝑗𝑤𝑙 ∈ {0, 1} 𝑗 = 1,… , 2𝑚, (𝑤, 𝑙) ∈ 𝑗 .

Note that the objective function and constraints (3)–(9), (11), and (13)
remain the same. This updated model is referred to as COMPACT-CSP
in the next sections. As it will be shown in our computational exper-
iments, model COMPACT-CSP performs better than model COMPACT
because of its reduced size. Indeed, as 𝑚 ≪ 𝑛 in our realistic in-
stances, the number of variables 𝑥𝑗𝑤𝑙 is greatly reduced and the updated
constraints (10) involve significantly fewer non-zero coefficients.

5. Sequential approaches

Our first solution method, which is inspired by the one currently
used by the company, consists in solving the problem in two phases:
first, one groups the items together in order to form good quality
columns (called ‘‘column creation problem’’ afterwards) and second,
one selects the best set of columns that can fit into the truck while
also determining the truck layout (called ‘‘column selection and posi-
tioning problem’’ afterwards). Whereas the company solves each phase
heuristically, we follow a different strategy in which those are solved to
optimality. In the following, we provide a mathematical model for each
phase, we show that both the column creation problem and the column
selection and positioning problem are -hard, and we provide a
discussion as to why such a sequential approach may sometimes lead
to poor quality solutions overall.

5.1. Column creation problem (CCP)

In the CCP, one groups the items together in order to form the
columns that will be used in the second phase. While several definitions
could be relevant as to what constitutes the best set of columns (e.g., the
set with minimum cardinality or the set with the maximum number of
‘‘big’’ columns), we looked for the set of columns with minimum total
area (the area of a column is equal to the area of the lowest item in the
column). This decision is motivated by the data sets provided by the
company: as all items can fit into the truck in most instances (i.e., it is
very likely that all columns will be selected in the second phase of the
problem), we want to find a column set that is as easy to position as
possible. Model COMPACT-CSP can easily be adapted to solve the CCP
as follows:

min
𝑚
∑

𝑗=1
𝑤𝑗 𝑙𝑗𝜉

𝑃 -𝑇
𝑗 (19)

s.t.
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚, (20)

𝜉𝑃𝑖 + 𝜉𝑆𝑖 = 1, (21)
(3), (6), (7), (8), (9), (11), (13),

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚, (22)

where availability constraints (4) are replaced by demand constraints
(21), and weight constraint (5) and non-overlapping constraints (10)
are removed. This model is called SA-CCP thereafter.

We can easily show that CCP-D, the decision version of the CCP
where one asks whether there is a solution with value 𝑧 or less, for
a given 𝑧 ∈ Z+

0 , is -complete as there is a polynomial reduction
rom the well-known (-complete) Partition problem to CCP-D. Let
s consider an instance 𝐼 ′ of Partition in which we are given a set of
′ positive integers  ′ = {𝑤′

1,… , 𝑤′
𝑛} and where the objective is to

etermine whether  ′ can be partitioned into two subsets  ′
1 and  ′

2
such that  ′

1 ∪ ′
2 =  ′,  ′

1 ∩ ′
2 = ∅, and ∑

𝑤′∈ ′
1
𝑤′ =

∑

𝑤′∈ ′
2
𝑤′.

e show how to create in polynomial time an instance 𝐼 of CCP-D
uch that, if 𝐼 has answer Yes, then 𝐼 ′ has answer Yes, while if 𝐼 has

′ ′
nswer No, then 𝐼 has answer No. To do so, for each integer 𝑤𝑖 in



Omega 125 (2024) 103039M. Delorme and J. Wagenaar

t
e
e
s

A

c
s
s
e
K
g
c
p
t
s
r
g
b
t
a
𝑆
w
e
e
F

d W
t

5

a
o
c

E
F

i
𝐸
t
r
a
o
4
o
t
o
s

s
s
n
s
a
s
i
w

 ′, we generate a flat and stackable item with height 2𝑤′
𝑖 , length 1,

width 1, and weight 1 (resulting in a complete compatibility graph
). We also set 𝑆 to 𝑛′, 𝐻 to ∑

𝑤′∈ ′ 𝑤′, and 𝑧 to 2. If the answer
o the CCP-D instance is Yes, then there exists a feasible solution using
xactly two columns with height ∑𝑤′∈ ′ 𝑤′ where the items stacked in
ach column correspond to the integers in each subset in the Partition
olution.

link with the kidney exchange problem
It is interesting to notice that if one relaxes constraints (6) (i.e., the

onstraints limiting the column heights), then the CCP becomes (a
pecial version of) the Kidney Exchange Problem (KEP), an extensively
tudied combinatorial optimization problem for which effective math-
matical models have been proposed in the literature [31–33]. In the
EP, one looks for a vertex-disjoint set of cycles and chains in a graph
iven a limit on the maximum cycle size and chain length. In the
ompatibility graph of the KEP, a node represents a recipient/donor
air while an arc between two nodes represents a compatibility rela-
ionship between the donor of the first pair and the recipient of the
econd pair. An item 𝑖 in the CCP would therefore correspond to a
ecipient/donor pair 𝑖 in the KEP, an arc (𝑖, 𝑖′) in the CCP compatibility
raph  indicating that item 𝑖′ can be stacked on top of item 𝑖 could
e seen as a compatibility relationship between the donor of pair 𝑖 and
he recipient of pair 𝑖′, a stacked column in a CCP solution would be
chain in a KEP solution (while cycles would not exist), and the limit
on the maximum number of items per stacked column in the CCP

ould correspond to the maximum chain length in the KEP. As a result,
ven though the KEP is -hard [34], one could still adapt the most
ffective KEP model to solve the CCP: the Position-Indexed Chain-Edge
ormulation, also known as PICEF [32].

In our PICEF adaptation (called PICEF-CCP afterwards), binary
ecision variables 𝑦𝑖𝑖′𝑠 takes value 1 if item 𝑖′ (𝑖′ = 1,… , 𝑛) is packed on

top of item 𝑖 (𝑖 = 1,… , 𝑛) in position 𝑠 (𝑠 = 2,… , 𝑆), and 0 otherwise. In
other words, one only needs to keep track of the predecessor of an item
(i.e., the item below it) instead of the index of the column in which the
item is packed as done in model SA-CCP. PICEF-CCP is as follows:

min
𝑚
∑

𝑗=1
𝑤𝑗 𝑙𝑗𝜉

𝑃 -𝑇
𝑗 (23)

s.t.
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚, (24)

𝜉𝑃𝑖 + 𝜉𝑆𝑖 = 1, (25)

𝜉𝑆𝑖′ =
∑

(𝑖,𝑖′)∈

𝑆
∑

𝑠=2
𝑦𝑖𝑖′𝑠 𝑖′ = 1,… , 𝑛, (26)

∑

(𝑖,𝑖′)∈
𝑦𝑖𝑖′2 ≤ 𝜉𝑃𝑖 𝑖 = 1,… , 𝑛, (27)

∑

(𝑖,𝑖′)∈
𝑦𝑖𝑖′𝑠 ≤

∑

(𝑖′ ,𝑖)∈
𝑦𝑖′ ,𝑖,𝑠−1 𝑖 = 1,… , 𝑛, 𝑠 = 3,… , 𝑆, (28)

𝜉𝑃𝑖 , 𝜉
𝑆
𝑖 ∈ {0, 1} 𝑖 = 1,… , 𝑛, (29)

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚, (30)

𝑦𝑖𝑖′𝑠 ∈ {0, 1} (𝑖, 𝑖′) ∈ , 𝑠 = 2,… , 𝑆. (31)

We point out that model SA-CCP has 𝑂(𝑆𝑛2) constraints and 𝑂(𝑆𝑛2)
variables whereas PICEF-CCP has 𝑂(𝑆𝑛) constraints and 𝑂(𝑆𝑛2) vari-
ables. Note that one could still find an optimal solution for the CCP by
using PICEF-CCP if the model is solved within a constraint generation
framework such that no-good cuts

𝜉𝑃𝑖 +
∑

(𝑖,𝑖′ ,𝑠)∈𝓁
𝑦𝑖𝑖′𝑠 ≤ |𝓁|,

are added on the fly when a column starting from item 𝑖 and composed
of arcs 𝓁 = {(𝑖, 𝑖′, 2), (𝑖′, 𝑖′′, 3),…} that does not respect the height
constraint is found in a solution. One could therefore favor PICEF-CCP
6

over SA-CCP in case the constraints limiting the column heights are d
rarely binding. Experiments outlining the computational behavior of
such an approach are provided in Section 7.

5.2. Column selection and positioning problem (CSPP)

In the CSPP, one selects the best set of columns that can fit into the
truck while also determining the truck layout. For each column 𝑖 (𝑖 =
1,… , 𝑛′) returned by the CCP (i.e., for each item 𝑖 such that 𝜉𝑃𝑖 = 1), we
determine its width 𝑤𝑖 and its length 𝑙𝑖 (i.e., the width and the length of
the first item in the column) and its profit 𝑝𝑖 (i.e., the sum of the price
of every item composing the column). The CSPP therefore reduces to
the very well-known two-dimensional knapsack problem (2D-KP) which
has been extensively studied in the literature (see [35] for a recent
survey on the topic). By re-using the principles and notations defined
for COMPACT-CSP where 𝑛′ now indicates the number of columns, and
𝑚′ the number of column types, the CSPP can be modeled as follows:

max
𝑛′
∑

𝑖=1
𝑝𝑖𝜉

𝑃
𝑖 (32)

s.t.
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚′, (33)

𝜉𝑃 -𝑇
𝑗 =

∑

(𝑤,𝑙)∈𝑗

𝑥𝑗𝑤𝑙 +
∑

(𝑤,𝑙)∈𝑚′+𝑗

𝑥𝑚′+𝑗,𝑤,𝑙 𝑗 = 1,… , 𝑚′, (34)

2𝑚′
∑

𝑗=1

∑

(𝑤′ ,𝑙′ )∈ (𝑤,𝑙)
𝑗

𝑥𝑗𝑤′ 𝑙′ ≤ 1 𝑤 = 0,… ,𝑊 − 1, 𝑙 = 0,… , 𝐿 − 1, (35)

𝜉𝑃𝑖 ∈ {0, 1} 𝑖 = 1,… , 𝑛′, (36)

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚′, (37)

𝑥𝑗𝑤𝑙 ∈ {0, 1} 𝑗 = 1,… , 2𝑚′, (𝑤, 𝑙) ∈ 𝑗 . (38)

e point out that since the 2D-KP is -hard [35], then it means that
he CSPP is also -hard.

.3. Relevant considerations

While it is possible that the solution obtained after solving the CCP
nd the CSPP sequentially is also optimal for our truck loading problem
verall, we provide in Example 5.1 an instance for which this is not the
ase.

xample 5.1. Let us consider the following instance as described in
ig. 1 with 𝑛 = 5 items 𝐴,𝐵, 𝐶,𝐷, and 𝐸:

An optimal CCP solution with area 12×12+9×9 = 225 packs the five
tems in two columns: a first column composed of items 𝐴, 𝐵, 𝐶, and
, and a second column solely composed of item 𝐷. However, since

he two columns cannot be packed simultaneously in the truck, the
esulting CSPP solution consists in only packing the first column for
value of 144 + 96 + 96 + 64 = 400, which is not optimal for the

verall problem. An optimal solution for the overall problem has value
81 and can be obtained by using, for example, a column composed
f items 𝐴 and 𝐷 and a column composed of items 𝐵, 𝐶, and 𝐸. Note
hat a CSPP solution with value 481 can only be reached by using a set
f columns with total area greater than or equal to 240 (i.e., which is
uboptimal for the CCP). □

We finish this section by pointing out that even though alternative
trategies for the CCP can be considered (e.g., finding the column
et with minimum cardinality or the column set with the maximum
umber of ‘‘big’’ columns), one can always find an ad hoc instance
uch that the set of columns selected in the first phase cannot lead to
n optimal solution for the overall problem. In other words, even if
equential approaches may work very well in practice (as demonstrated
n Section 7), there is no guarantee that such methods terminate
ith an optimal solution. To alleviate this issue, we introduce three

ecomposition-based exact algorithms in the next section.
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. Integrated approaches

We identified three distinct components in our problem: (i) selecting
subset of items and grouping that subset into columns, (ii) finding a

uitable abscissa for every column, and (iii) finding a suitable ordinate
or every column. Each of the proposed decomposition methods handles
hese three components in their own way, as summarized in Fig. 2:

• The first approach (on the left of the figure) is a Benders’ de-
composition in which component (i) is dealt with in the master
problem while components (ii) and (iii) are determined simulta-
neously in the subproblem;

• The second approach (in the middle of the figure) is also a
Benders’ decomposition in which components (i) and (ii) are dealt
with simultaneously in the master problem while component (iii)
is determined in the subproblem;

• The last approach (on the right of the figure) relies on two em-
bedded Benders’ decompositions in which component (i) is dealt
with in the master problem of the first decomposition, component
(ii) is dealt with in the master problem of the second decompo-
sition, and component (iii) is determined in the subproblem of
the second decomposition. Note that the subproblem of the first
decomposition is formed by the second decomposition itself.

n the remainder of this section, we provide further details about each
ecomposition.

.1. Decomposition 1

In our first Benders’ decomposition, we used a strategy that is
nspired by the approach proposed in [22] for the three-dimensional
napsack problem, where the authors determined in the master problem
set of items with maximum value and checked in the subproblem
hether or not the selected items could fit into the container. We
odified that approach so that it is able to take into account our prac-

ical constraints by letting the master problem determine the stacked
olumns instead of the selected items and by considering only two
imensions in the subproblem.

aster problem (MP1). MP1 determines a set of feasible stacked
olumns with maximum value such that the sum of their areas (the
rea of a column is equal to the area of the lowest item in the column)
s smaller than or equal to the area of the truck. The model is as follows:

max
𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑃
𝑖 +

𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑆
𝑖 (39)

s.t.
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚, (40)

(3) – (9), (11), (13),
𝑚
∑

𝑗=1
𝑤𝑗 𝑙𝑗𝜉

𝑃 -𝑇
𝑗 ≤ 𝑊𝐿, (41)

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚, (42)
7

a

nd is a straightforward adaptation of model COMPACT-CSP where the
acking variables 𝑥𝑗𝑤𝑙 (𝑗 = 1,… , 2𝑚, (𝑤, 𝑙) ∈ 𝑗 ) are not considered
nd where non-overlapping constraints (8) are relaxed and replaced by
onstraint (41).

ubproblem (SP1). SP1 determines whether it is possible to find fea-
ible values for packing variables 𝑥𝑗𝑤𝑙 (𝑗 = 1,… , 2𝑚, (𝑤, 𝑙) ∈ 𝑗 )

satisfying demand and non-overlapping constraints given a solution
{𝜉𝑃𝑖 , 𝜉

𝑃 -𝑇
𝑗 , 𝜉𝑆𝑖 , 𝑦̄𝑖𝑖′𝑠} returned by MP1. As only the widths and the lengths

f the bottom items (i.e., the 𝜉𝑃 -𝑇
𝑗 ) determine whether or not such

solution exists, SP1 reduces to a simple orthogonal packing problem
see [2,36] for two recent research papers related to the topic). SP1
an therefore be modeled as follows:

max 0 (43)

s.t. 𝜉𝑃 -𝑇
𝑗 =

∑

(𝑤,𝑙)∈𝑗

𝑥𝑗𝑤𝑙 +
∑

(𝑤,𝑙)∈𝑚+𝑗

𝑥𝑚+𝑗,𝑤,𝑙 𝑗 = 1,… , 𝑚, (44)

2𝑚
∑

𝑗=1

∑

(𝑤′ ,𝑙′)∈(𝑤,𝑙)
𝑗

𝑥𝑗𝑤′ 𝑙′ ≤ 1 𝑤 = 0,… ,𝑊 − 1, 𝑙 = 0,… , 𝐿 − 1, (45)

𝑥𝑗𝑤𝑙 ∈ {0, 1} 𝑗 = 1,… , 2𝑚, (𝑤, 𝑙) ∈ 𝑗 . (46)

f SP1 turns out to be feasible, then an optimal solution for the
roblem has been found. Otherwise, one should solve again MP1 with
supplementary no-good cut.

o-good cut (NGC1). Using 𝜉𝑃𝑖 variables in NGC1 would not be expe-
ient since any solution with different item indices, but with the exact
ame item types could be returned by MP1. This is not desirable since
he feasibility of SP1 solely depends on the types of the bottom items,
ot their indices. Therefore, 𝜉𝑃 -𝑇

𝑗 variables should ideally be used in
GC1, but this is not possible with the current version of MP1 as 𝜉𝑃 -𝑇

𝑗
re integer variables whereas no-good cuts require binary variables. As
consequence, we used the concept of a binary expansion in MP1 and

eplaced every integer variable 𝜉𝑃 -𝑇
𝑗 (𝑗 = 1,… , 𝑚) by a set of binary

ariables 𝜉𝑃 -𝑇 -𝐵
𝑗𝑔 (𝑗 = 1,… , 𝑚, 𝑔 = 0,… , ⌊log2(𝑑𝑗 )⌋) such that:

𝑃 -𝑇
𝑗 =

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔𝜉𝑃 -𝑇 -𝐵

𝑗𝑔 𝑗 = 1,… , 𝑚,

here 𝑑𝑗 indicates the total number of items with type 𝑗 (i.e., 𝑑𝑗 = |𝑗 |).
GC1 can now be defined as follows:
𝑚

𝑗=1

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
𝜉𝑃 -𝑇 -𝐵
𝑗𝑔 𝜉𝑃 -𝑇 -𝐵

𝑗𝑔 ≤

( 𝑚
∑

𝑗=1

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
𝜉𝑃 -𝑇 -𝐵
𝑗𝑔

)

− 1, (47)

hich prevents any infeasible MP1 solution from being generated
gain. We point out that, in general, no-good cuts can be strengthened
o obtain the so-called ‘‘combinatorial Benders’ cuts’’ [2]. To do so, one
hould look for a minimum cardinality subset of items among those
elected in an infeasibleMP1 solution for which SP1 remains infeasible.
hereas using combinatorial Benders’ cuts may drastically reduce the

umber of constraints that needs to be added to the master problem in
rder to solve an instance to optimality [2,4,37], the fact that finding

minimum infeasible subset requires solving multiple subproblems



Omega 125 (2024) 103039M. Delorme and J. Wagenaar

i
c
o
b

M

d
t
t

p
t

t
t
𝑥

Fig. 2. Flowchart of the three Benders’ decomposition approaches.
a
l
u
r

S
f
o
o
s
a
t
i
e
r
𝑤
a

does not always make such a strategy expedient. Besides, it is not
immediately clear how such cuts can efficiently be implemented in the
context of a binary expansion.

6.2. Decomposition 2

In our second Benders’ decomposition, we used a strategy that is
inspired by the approach proposed in [2,4] for the two-dimensional strip
packing problem, where the authors determined in the master problem
the minimum strip height and a suitable 𝑥-coordinate for every item
and checked in the subproblem whether or not the packing could be
completed by finding a suitable 𝑦-coordinate for every item. We mod-
fied that approach so that it is able to take into account our practical
onstraints by letting the master problem determine the selected subset
f items, the stacked columns, and the orientation and abscissa of every
ottom item (or column).

aster problem (MP2). MP2 determines both a set of feasible stacked
columns with maximum value and their abscissa such that, for every
abscissa 𝑤, the sum of the lengths of the bottom items occupying 𝑤
oes not exceed the truck length 𝐿. We say that a bottom item with
ype 𝑗 (𝑗 = 1… , 2𝑚) occupies 𝑤 if a portion of the item overlaps with
he unit-width slice starting in 𝑤 and ending in 𝑤+1, or in other words,

if the item is packed in abscissa 𝑤′ such that 0 ≤ 𝑤 −𝑤𝑗 + 1 ≤ 𝑤′ ≤ 𝑤.
Reusing the notation introduced in the previous models, 𝑗 contains all
the abscissae 𝑤 in which a bottom item with type 𝑗 (𝑗 = 1,… , 2𝑚) can be
acked, 𝑤

𝑗 contains all the abscissae 𝑤′ for which a bottom item with
ype 𝑗 (𝑗 = 1,… , 2𝑚) would occupy 𝑤 if the item was packed in 𝑤′ (𝑤′ ∈
𝑗 ), and we replace two-dimensional (binary) packing variables 𝑥𝑗𝑤𝑙 by

heir one-dimensional (integer) counterpart 𝑥𝑗𝑤(𝑗 = 1,… , 2𝑚,𝑤 ∈ 𝑗 ),
o which binary expansion is applied, resulting in (binary) variables
𝐵 (𝑗 = 1,… , 2𝑚,𝑤 ∈  , 𝑔 = 0,… , ⌊log (𝑑 )⌋). MP2 is defined as
8

𝑗𝑤𝑔 𝑗 2 𝑗
follows:

max
𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑃
𝑖 +

𝑛
∑

𝑖=1
𝑝𝑖𝜉

𝑆
𝑖 (48)

s.t.
∑

𝑖∈ (𝑗)
𝜉𝑃𝑖 = 𝜉𝑃 -𝑇

𝑗 𝑗 = 1,… , 𝑚, (49)

𝜉𝑃 -𝑇
𝑗 =

𝑊 −𝑤𝑗
∑

𝑤=0

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔𝑥𝐵𝑗𝑤𝑔 +

𝑊 −𝑤𝑗+𝑚
∑

𝑤=0

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔𝑥𝐵𝑗+𝑚,𝑤,𝑔 𝑗 = 1,… , 𝑚, (50)

(3) – (9), (11), (13),
2𝑚
∑

𝑗=1

∑

𝑤′∈𝑤
𝑗

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔 𝑙𝑗𝑥𝐵𝑗𝑤′𝑔 ≤ 𝐿 𝑤 = 0,… ,𝑊 − 1, (51)

𝜉𝑃 -𝑇
𝑗 ∈ N0 𝑗 = 1,… , 𝑚, (52)

𝑥𝐵𝑗𝑤𝑔 ∈ {0, 1} 𝑗 = 1,… , 2𝑚,𝑤 ∈ 𝑗 , 𝑔 = 0,… , ⌊log2(𝑑𝑗 )⌋, (53)

nd is a straightforward adaptation of model COMPACT-CSP where
inking constraints (2) are replaced by (50) to take into account the
pdated 𝑥𝐵𝑗𝑤𝑔 variables and where non-overlapping constraints (10) are
elaxed and replaced by capacity constraints (51).

ubproblem (SP2). SP2 determines whether it is possible to find a
easible 𝑦-coordinate for every bottom item satisfying demand and non-
verlapping constraints given an MP2 solution. Note that the feasibility
f SP2 only depends on the 𝑥𝐵𝑗𝑤𝑔 variables. SP2 is an -complete
cheduling problem with non-overlapping constraints for which exact
pproaches were developed in the literature [2,4]. We solved SP2 with
he following Constraint Programming (CP) approach, which was orig-
nally proposed by [4], as it performs very well in practice while being
asy to reimplement. Given an MP2 solution {𝜉𝑃𝑖 , 𝜉

𝑃 -𝑇
𝑗 , 𝜉𝑆𝑖 , 𝑦̄𝑖𝑖′𝑠, 𝑥̄

𝐵
𝑗𝑤𝑔}

eturned by MP2, we create, for each item type 𝑗 and for each abscissa
, exactly ∑⌊log2(𝑑𝑗 )⌋

𝑔=0 2𝑔 𝑥̄𝐵𝑗𝑤𝑔 tasks with processing time 𝑙𝑗 occupying
bscissae 𝑤,𝑤+1,… , 𝑤+𝑤 −1. All the tasks are gathered in set  and
𝑗
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p

all the tasks occupying abscissa 𝑤 are gathered in set 𝑤. We associate
an interval variable 𝑖𝑣𝑙𝑖 to each task 𝑖 (𝑖 ∈ ) and solve the following
CP model:

max 0 (54)

s.t. 𝚎𝚗𝚍𝚘𝚏(𝑖𝑣𝑙𝑖) ≤ 𝐿 𝑖 ∈ , (55)

𝚗𝚘𝚗𝚘𝚟𝚎𝚛𝚕𝚊𝚙
{

𝑖𝑣𝑙𝑖, 𝑖 ∈ 𝑤
}

𝑤 = 0,… ,𝑊 − 1, (56)

where the starting time of a task 𝑖 corresponds to the 𝑦-coordinate
of the associated item. Constraints (55) state that every task needs
to be completed by time 𝐿 and constraints (56) make sure that the
asks occupying the same abscissa do not overlap in time (or in other
ords, that the items overlapping on the 𝑥-axis do no overlap on the
-axis). If SP2 turns out to be feasible, then an optimal solution for the
roblem has been found. Otherwise, one should solve again MP2 with
supplementary no-good cut.

o-good cut (NGC2). Following the idea developed for NGC1, NGC2
can be defined as:
2𝑚
∑

𝑗=1

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
𝑥̄𝐵𝑗𝑤𝑔𝑥

𝐵
𝑗𝑤𝑔 ≤

( 2𝑚
∑

𝑗=1

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
𝑥̄𝐵𝑗𝑤𝑔

)

− 1. (57)

.3. Decomposition 3

In our last Benders’ decomposition, we use a strategy that is inspired
y the approach proposed in [3] for the two-dimensional bin packing
roblem, where the authors determined in the master problem the
inimum number of bins required to pack all the items together with

he item subset assigned to each bin and checked in the subproblem
hether or not each of the resulting item allocations was feasible.
he subproblem itself was solved through the Benders’ decomposition
roposed in [2]. We modified that approach so that it is able to take
nto account our practical constraints by letting the master problem
etermine the stacked columns instead of the item allocation.

irst level master problem (MP3-1). MP3-1, which is identical to MP1,
etermines a set of feasible stacked columns with maximum value such
hat the sum of their areas (the area of column is equal to the area of
he lowest item in the column) is smaller than or equal to the area of
he truck.

econd level master problem (MP3-2). MP3-2, which is a simplified
ersion of MP2, determines whether it is possible to find a feasible
-coordinate for every bottom item satisfying demand and capacity
onstraints given an MP3-1 solution. MP3-2 can be defined as follows:

max 0 (58)

s.t. 𝜉𝑃 -𝑇
𝑗 =

𝑊 −𝑤𝑗
∑

𝑤=0

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔𝑥𝐵𝑗𝑤𝑔 +

𝑊 −𝑤𝑗+𝑚
∑

𝑤=0

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔𝑥𝐵𝑗+𝑚,𝑤,𝑔 𝑗 = 1,… , 𝑚, (59)

2𝑚
∑

𝑗=1

∑

𝑤′∈𝑤
𝑗

⌊log2(𝑑𝑗 )⌋
∑

𝑔=0
2𝑔 𝑙𝑗𝑥𝐵𝑗𝑤′𝑔 ≤ 𝐿 𝑤 = 0,… ,𝑊 − 1, (60)

𝑥𝐵𝑗𝑤𝑔 ∈ {0, 1} 𝑗 = 1,… , 2𝑚,𝑤 ∈ 𝑗 , 𝑔 = 0,… , ⌊log2(𝑑𝑗 )⌋. (61)

econd level subproblem (SP3-2). SP3-2, which is identical to SP2,
etermines whether it is possible to find a feasible 𝑦-coordinate for
very bottom item satisfying demand and non-overlapping constraints
iven an MP3-2 solution.

irst and second level no-good cuts (NGC3-1 and NGC3-2). First level no-
ood cut NGC3-1 is identical to NGC1 whereas second level no-good
ut NGC3-2 is identical to NGC2.

. Computational experiments

We empirically investigated the performance of each of the pro-
9

osed approaches, namely:
• COMPACT-CSP, model (1)–(13) introduced in Section 3 with all
the preprocessing techniques introduced in Sections Section 4.1,
4.2, and 4.3. For the sake of completeness, we also tested the
model without the preprocessing related to item multiplicity
(COMPACT) and without any preprocessing at all (COMPACT-
NOP);

• SEQ, the sequential approach introduced in Section 5 composed
of SA-CCP for the first phase and model (32)–(38) solved through
a decomposition algorithm similar to the one proposed in [2] for
the second phase. We also tested SEQ-KEP, a sequential approach
in which SA-CCP is replaced by PICEF-CCP;

• DEC1-CB, the first decomposition approach introduced in Sec-
tion 6.1 in which SP1 is embedded in a callback function invoked
when an integer solution for MP1 is found. We also tested DEC1,
the same decomposition without callbacks. To improve the per-
formance of DEC1, we refined the objective function of MP1 to
incorporate a hierarchical component such that, if more than one
optimal solution exists (i.e., if there are at least two sets of feasible
stacked columns with maximum value whose sum of areas is
smaller than or equal to the area of the truck), then the solution
with minimum sum of areas is favored;

• DEC2-CB, the second decomposition approach introduced in Sec-
tion 6.2 in which SP2 is embedded in a callback function invoked
when an integer solution for MP2 is found. We also tested DEC2,
the same decomposition without callbacks;

• DEC3-CB, the third decomposition approach introduced in Sec-
tion 6.3 in which MP3-2 is embedded in a callback function
invoked when an integer solution for MP3-1 is found and in
which SP3-2 is embedded in a callback function invoked when
an integer solution for MP3-2 is found. We also tested DEC3, the
same decomposition without callbacks;

Our algorithms were coded in C++, the ILP models were solved with
Gurobi 10.0.1 whereas the CP components were solved with IBM
ILOG CPLEX CP Optimizer 22.11 (we remind the reader that
Gurobi does not offer a CP solver at the moment). The tests were
executed on a single thread of a virtual machine AMD EPYC-Rome
Processor with 2.00 GHz and 64 GB of RAM memory, running under
Ubuntu 20. For every run, a time limit of 3600 s was imposed. We
first study the computational behavior of the proposed methods on real
instances provided by the company, we then use randomly generated
instances to assess how this behavior evolves when key instance fea-
tures such as the number of item types or the truck layout change,
and we conclude by demonstrating how supplementary features such as
customer multiplicity and generalized fragility constraints can also be
taken into account in our models. All our computer codes and instances
can be downloaded from the online repository https://github.com/mde
lorme2/Single_Container_Loading_Problem_With_Stacking_Constraints.

7.1. Real instances

The company provided 10 real instances with the following fea-
tures: the number of items 𝑛 was between 28 and 49, the number
of item types 𝑚 was between 3 and 8, the truck dimensions (in cm)
were 𝑊 × 𝐿 × 𝐻 = 248 × 1362 × 270, the smallest item dimensions
(in cm) were (𝑤min, 𝑙min, ℎmin) = (40, 60, 30) whereas the largest were
(𝑤max, 𝑙max, ℎmax) = (125, 240, 260), the smallest item packing area (in
cm2) was 𝑤𝑖×𝑙𝑖 = 2400 whereas the biggest was 28 800, the item weight
was never binding (i.e., ∑𝑛

𝑖=1 𝑘𝑖 ≤ 𝐾), 68% of the items were stackable,
71% of the stackable items had a flat surface, and the maximum number
of items allowed per column 𝑆 was 3.

We report in Tables 2 and 3 the detailed results of our 11 approaches
for each of the 10 instances. The first two columns identify the index
and the number of items for every instance. The following columns
indicate, for each method, whether a proven optimal solution was

found (‘‘# opt’’), the CPU time in seconds (‘‘T (s)’’) required by the
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Table 2
Performance of the compact model and the sequential approaches on the real instances.

Idx 𝑛
COMPACT-NOP COMPACT COMPACT-CSP SEQ SEQ-KEP

# opt T (s) # opt T (s) # opt T (s) # opt T (s) # opt T (s) # C

1 38 0 M.L. 1 59 1 5 1 3 1 5 801
2 28 0 M.L. 1 4 1 1 1 1 1 1 6
3 35 0 M.L. 1 77 1 5 1 3 1 5 234
4 36 0 M.L. 0 M.L. 1 218 1 1 1 1 26
5 32 0 M.L. 0 M.L. 1 129 1 1 1 1 3
6 34 0 M.L. 1 207 1 10 1 2 1 3 226
7 38 0 M.L. 1 115 1 15 1 4 1 4 239
8 31 0 M.L. 1 5 1 3 1 2 1 2 0
9 49 0 M.L. 0 T.L. 0 T.L. 1 8 1 8 20
10 34 0 M.L. 1 87 1 9 1 1 1 1 7

Total 0 3600 7 1136 9 399 10 3 10 3 156.2
Table 3
Performance of the decomposition approaches on the real instances.

Idx 𝑛
DEC1-CB DEC1 DEC2-CB DEC2 DEC3-CB DEC3

# opt T (s) # C # opt T (s) # C # opt T (s) # C # opt T (s) # C # opt T (s) # C1 # C2 # opt T (s) # C1 # C2

1 38 1 89 0 1 15 0 1 3 0 1 3 0 1 3 0 0 1 3 0 0
2 28 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 0 1 1 0 0
3 35 1 3 0 1 3 0 1 3 0 1 3 0 1 3 0 0 1 3 0 0
4 36 0 T.L. 1 1 111 0 1 2 0 1 1 0 1 2 5 0 1 2 11 0
5 32 1 3107 2 1 151 0 1 1 0 1 1 0 1 1 2 0 1 1 1 0
6 34 1 19 0 1 2 0 1 2 0 1 2 0 1 3 0 0 1 2 0 0
7 38 0 T.L. 3 1 4 0 1 4 0 1 4 0 1 4 4 0 1 4 1 0
8 31 1 3 0 1 3 0 1 3 0 1 2 0 1 3 0 0 1 3 0 0
9 49 0 T.L. 20 1 1847 24 1 331 0 1 49 0 1 10 34 0 1 17 24 0
10 34 1 27 0 1 2 0 1 1 0 1 1 0 1 1 0 0 1 1 0 0

Total 7 1405 2.6 10 214 2.4 10 35 0 10 7 0 10 3 4.5 0 10 4 3.7 0
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instance run (‘‘T.L.’’ means that the run was terminated because of the
time limit and ‘‘M.L.’’ indicates that the run was aborted because of
memory limitation), and, when relevant, the number of no-good cuts
required (‘‘# C’’). The last line in the table provides a summary of
the results obtained by each method: the total number of instances
solved to optimality, the average computation time (M.L. and T.L. are
counted as unsolved in 3600s), and the average number of no-good cuts
required.

The results in Table 2 outline the importance of using the prepro-
cessing techniques on the compact model as COMPACT-NOP was not
able to solve any instance to optimality because of memory limitation
and COMPACT solved two instances less than COMPACT-CSP while
lso using three times more computing time. The two sequential ap-
roaches obtained a solution for every instance in less than 10 s, which
urned out to be optimal. Note that a proof of optimality cannot be
rovided by the sequential approaches unless a solution packing every
tem is found, which was the case for all real instances except I9. We
lso observe that even though SEQ-KEP required many no-good cuts in
rder to forbid the columns exceeding the truck height, the approach
emains competitive.

The results in Table 3 clearly show that the decomposition ap-
roaches do not all display the same computational behavior when
olving our loading problem. The worst approach, DEC1-CB, failed
o solve three real instances. Further analyses showed that the MP1
olutions heuristically found by the solver took a long time to be
erified by SP1 while also being of very poor quality (e.g., each
olumn in the heuristic solution was composed of only one item). That
roblematic behavior appeared less frequently in DEC1 as SP1 was only
alled to verify optimal MP1 solutions. Nevertheless, undesirable DEC1
ehaviors were still observed for the instances in which every item
ould be packed because there is no incentive in MP1 to find an ‘‘easy
o pack’’ solution when more than one optimal solution exists. This
s why we introduced an ad hoc DEC1 refinement that incorporates a
ierarchical component inMP1 in order to select the solution that is the
ost likely to be feasible for SP1 (we opted for the one with minimum
10

i

um of bottom item areas) among all the optimal MP1 solutions. As
ar as DEC2-CB and DEC2 are concerned, both methods could solve
ll instances to optimality. We point out that DEC2-CB took more
ime than DEC2 to solve I9. This was not due to supplementary SP2
alls to verify heuristic MP2 solutions as the time required by SP2
as negligible. Such a time difference between the two methods could
e due, for example, to solver randomness or to the fact that key
eatures are deactivated in the solver when callbacks are activated. We
nvestigated further the topic by testing a version of DEC2 that uses a
ummy callback. The fact that such a version took 330 s to solve I9, just
ike DEC2-CB, goes in favor of the second hypothesis, even though one
hould be cautious when deriving general conclusions based on such
imited experiments. Finally, we observe that both DEC3 and DEC3-
B could solve all ten instances to optimality in a very short time. We
otice that, in both methods, several NGC3-1 were required whereas
o NGC3-2 was necessary.

.2. Random instances

As the company instances were relatively easy to solve for the
est decomposition approaches, we designed four alternative sets of
nstances with the goal of assessing how the computational behavior
f the proposed methods evolves when key instance features change.
ven though these four datasets were randomly generated, they were
reated in order to closely mimic the most difficult real instances: our
‘reference group’’ is composed of ten instances with 𝑛 = 50 items of
= 5 types, the truck dimensions were 𝑊 × 𝐿 ×𝐻 = 250 × 1375 × 275,

he width and length (also called packing dimensions) of the items
ere uniformly distributed in the range [𝑊4 ; 𝑊

2 ], the height of the items
was uniformly distributed in the range [𝐻4 ;𝐻], the item weight was
never binding, 80% of the items were stackable, 67% of the stackable
items had a flat surface, and the maximum number of items allowed
per column 𝑆 was 3. Between 80% and 100% of the items were
ncluded in an optimal solution, meaning that the knapsack component
f the problem did not always matter. For each randomly generated
nstance set, we created four subsets of ten instances each where one
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Table 4
Performance of the compact model and the sequential approaches on random instances varying 𝑊 × 𝐿 ×𝐻 .

𝑊 × 𝐿 ×𝐻
COMPACT-NOP COMPACT COMPACT-CSP SEQ SEQ-KEP

# opt T (s) # opt T (s) # opt T (s) # opt T (s) # opt T (s) # C

10 × 55 × 11 9 372 8 725 10 1 10 1 10 7 219.9
20 × 110 × 22 8 1039 7 1238 9 500 10 53 10 19 99
50 × 275 × 55 0 3600 4 2595 4 2191 10 396 10 380 52.5
150 × 825 × 165 0 3600 0 3600 1 3271 10 1327 10 1717 50.7
*250 × 1375 × 275 0 3600 0 3600 0 3600 9 1153 9 1135 69.2

Total 17 2442 19 2352 24 1912 49 586 49 651 98.3
Table 5
Performance of the decomposition approaches on random instances varying 𝑊 × 𝐿 ×𝐻 .

𝑊 × 𝐿 ×𝐻
DEC1-CB DEC1 DEC2-CB DEC2 DEC3-CB DEC3

# opt T (s) # C # opt T (s) # C # opt T (s) # C # opt T (s) # C # opt T (s) # C1 # C2 # opt T (s) # C1 # C2

10 × 55 × 11 10 22 4.1 10 0 2 10 1 0 10 0 0 10 0 4.1 0 10 0 2.2 0
20 × 110 × 22 9 381 4.2 9 369 14.8 10 111 0 10 4 0 10 2 19.6 0 10 9 18.1 0
50 × 275 × 55 4 2387 1.3 5 1851 21.9 9 462 0.1 10 10 0 10 21 91.7 0.3 10 29 87.4 0.1
150 × 825 × 165 3 2617 1.7 3 2537 6.8 6 1551 0.6 8 795 0.3 10 480 317.1 1.9 10 416 326.2 0.8
*250 × 1375 × 275 0 3600 7.9 2 3093 8.6 6 1479 2.5 9 472 0.3 9 879 508.4 1.5 9 634 392.6 0.1

Total 26 1801 3.8 29 1570 10.8 41 721 0.6 47 257 0.1 49 276 188.2 0.7 49 218 165.3 0.2
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key parameter varied each time. We then compared the results obtained
by the proposed methods with the results obtained on the ten instances
of the reference group. The reference group is identified by an asterisk
(*) in the tables.

7.2.1. Varying the truck dimensions 𝑊 × 𝐿 ×𝐻
Our first set of experiments on random instances aims at evaluating

he impact of the truck dimensions on the performance of the proposed
ethods. We tested four 𝑊 × 𝐿 × 𝐻 dimensions {(10 × 55 × 11), (20 ×

110 × 22), (50 × 275 × 55), (150 × 825 × 165)} and reported the results of
the 11 methods in Tables 4 and 5. Note that a truck with dimensions
around 250 × 1375 × 275 cm is fairly standard in Europe. Smaller
truck dimensions were tested in order to evaluate the performance of
the proposed algorithms when solving instances for which very strong
preprocessing techniques can be applied. For example, if one solves an
instance where every item dimension is a multiple of five, then a valid
preprocessing technique simply divides all dimensions by five, resulting
in a truck with size ⌊

250
5 ⌋ × ⌊

1375
5 ⌋ × ⌊

275
5 ⌋ = 50 × 275 × 55.

Our experiments, whose outcomes are displayed in Table 4, show
hat small-sized instances do not necessarily require advanced solution
ethods as all instances but three among the two smallest classes could

e solved by COMPACT-NOP. Interestingly, we observe that COMPACT
eft five instances unsolved in that group while the model required
ess variables (85 212 versus 147 273 for class 20 × 110 × 22) and
onstraints (1554 versus 2674) on average than COMPACT-NOP. We
ttribute this unexpected behavior to solver randomness. The results for
arger classes are more in line with our expectations as COMPACT was
ble to solve four instances in class 50 × 275 × 55 whereas COMPACT-
OP could not solve any. COMPACT-CSP solved 5 instances more than
OMPACT, which can be explained by a significant decrease in the
umber of variables (7254 versus 85 212 for class 20 × 110 × 22) and
small decrease in the number of constraints (1512 versus 1554). Once
ore, the two sequential approaches obtained outstanding results (all

nstances but one were solved to optimality) even though a certificate
f optimality could not be provided. Based on the experiments per-
ormed so far, it is clear that method COMPACT-CSP outperforms both
OMPACT and COMPACT-NOP, which is why we no longer report the
esults of the last two models in the next sets of experiments. Similarly,
ecause methods SEQ and SEQ-KEP display similar (if not identical)
erformance, we only report the results of the former model in the next
ets of experiments.

The results in Table 5 clearly show that, once more, not all decom-
osition approaches are equally effective. As observed in the
xperiments for the real instances, DEC1-CB is the worst decomposition
ethod since it could only solve 26 out of the 50 tested instances.
11
Further analyses showed (again) that this poor performance could
(partially) be attributed to the fact that SP1 was called to verify
several sub-optimal MP1 solutions, which was not the case in DEC1.
Methods DEC3 and DEC3-CB could both solve all 50 instances but
ne. Interestingly, the unsolved instance was not the same for the two
ethods, meaning that all instances could be solved to optimality by

t least one approach. Methods DEC2 and DEC2-CB came third and
ourth, respectively. Overall, we observe that no-good cuts of type 1
i.e., NGC1 and NGC3-1) are more often required than no-good cuts of

type 2 (i.e., NGC2 and NGC3-2) on average, which is a phenomenon
that is expected and that was already observed in previous research [3].
One would also expect that a decomposition method requires more no-
good cuts when callbacks are used, which was indeed the case for both
DEC2-CB and DEC3-CB. The reason why such an observation was not
made for DEC1-CB was simply because the method was often stopped
due to the time limit: for example, for the unsolved 20 × 110 × 22
instance, DEC1-CB only had time to call SP1 37 times while DEC1
could call it 148 times, which explains the higher NGC1 average for
the latter approach. Based on these experiments, it is clear that methods
DEC1-CB and DEC1 are not competitive, which is why we no longer
report their results in the next sets of experiments.

Overall, we observe that even though DEC2 and DEC3 (and their
respective callback versions) scale relatively well, instances with larger
truck dimensions are more difficult to solve than instances with smaller
dimensions.

7.2.2. Varying the number of item types 𝑚
Our second set of experiments on random instances aims at evaluat-

ing the impact of the number of item types on the performance of the
selected methods. We tested four number of item types 𝑚 ∈ {2, 3, 7, 10}
nd reported the results of the six selected methods in Table 6.

The results reported in Table 6 show that our methods work very
ell when the number of item types is less than or equal to three. These

nstances usually allow a very strong preprocessing when calling model
14)–(18) to reduce the item and truck dimensions. As expected, the
ost difficult instances are the ones with the largest number of item

ypes, probably because the modeling tool exploiting the multiplicity
f the item packing dimensions is less effective. Nevertheless, only
hree instances could not be solved by any of our methods (one with
= 7 and two with 𝑚 = 10), which indicates that our algorithms

are relatively resilient to an increase in the number of item types.
Interestingly, DEC2 is now the approach that performs best, closely
followed by DEC3-CB and by DEC3. We point out that even though
SEQ performs relatively well, the method does not seem to offer a

competitive advantage compared to DEC2 as the latter method solves
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Table 6
Performance of the selected methods on random instances varying 𝑚.

𝑚 COMPACT-CSP SEQ DEC2-CB DEC2 DEC3-CB DEC3

# opt T (s) # opt T (s) # opt T (s) # C # opt T (s) # C # opt T (s) # C1 # C2 # opt T (s) # C1 # C2

2 10 116 10 30 10 30 0 10 29 0 10 29 0.8 0 10 29 0.8 0
3 3 2639 10 39 10 31 0 10 24 0 10 25 28.1 0 10 27 27 0
*5 0 3600 9 1153 6 1479 2.5 9 472 0.3 9 879 508.4 1.5 9 634 392.6 0.1
7 0 3600 7 987 8 1134 0.5 9 736 0.2 9 629 543 2 7 1148 540.5 0
10 0 3600 7 2071 6 1601 1.6 8 909 0 6 1646 224.5 6.6 6 1526 184 0.6

Total 13 2711 43 856 40 855 0.9 46 434 0.1 44 642 261 2 42 673 229 0.1
Table 7
Performance of the selected methods on random instances varying 𝑛.

𝑛 COMPACT-CSP SEQ DEC2-CB DEC2 DEC3-CB DEC3

# opt T (s) # opt T (s) # opt T (s) # C # opt T (s) # C # opt T (s) # C1 # C2 # opt T (s) # C1 # C2

30 6 2005 10 2 10 2 0 10 2 0 10 3 0 0 10 2 0 0
40 1 3278 10 34 10 20 0 10 7 0 10 8 8.3 0 10 7 8.2 0
*50 0 3600 9 1153 6 1479 2.5 9 472 0.3 9 879 508.4 1.5 9 634 392.6 0.1
60 0 3600 6 2566 3 2698 0.6 7 1399 0.3 8 927 313.9 0.1 9 556 307.1 5.2
70 0 3600 7 2330 5 2037 1.9 6 1551 0.4 7 1397 835 1.7 6 1612 350.6 0

Total 7 3217 42 1217 34 1247 1 42 687 0.2 44 643 333.1 0.7 44 562 211.7 1.1
more instances, requires less computation time on average, and does
terminate with a certificate of optimality.

7.2.3. Varying the number of items 𝑛
Our third set of experiments on random instances aims at evaluating

he impact of the number of items on the performance of the selected
ethods. We tested four number of items 𝑛 ∈ {30, 40, 60, 70} and

reported the results of the six selected methods in Table 7.
Based on the results displayed in Table 7, we can make a number

of interesting remarks:

• Instances with as few as 30 items are unsolved by COMPACT-
CSP. This may come as a surprise since every optimal solu-
tion for this instance class packs every item (there even exists
optimal solutions where a large portion of the truck remains
empty). This indicates that the model size can be a challenge
for COMPACT-CSP, even for the instances without a knapsack
component;

• DEC3 and DEC3-CB solve all but six instances each. Some in-
stances with 70 items can still be solved, which is a good sign
for the company as it usually deals with instances between 30
and 50 items;

• Only four instances remain unsolved, one with 𝑛 = 60 items and
three with 𝑛 = 70 items;

• The use of callbacks seems very detrimental to DEC2 whereas it
does not appear very impactful for DEC3.

7.2.4. Varying the item packing dimensions 𝑤𝑖 and 𝑙𝑖 range
Our last set of experiments on random instances aims at evaluating

he impact of the item packing dimensions 𝑤𝑖 and 𝑙𝑖 range on the
performance of the selected methods. We tested four ranges for the
item packing dimensions 𝑤𝑖, 𝑙𝑖 ∈ {[𝑊2 , 𝑊2 ], [𝑊3 , 𝑊2 ], [𝑊5 , 𝑊2 ], [𝑊6 , 𝑊2 ]}
and reported the results of the six selected methods in Table 8.

The results displayed in Table 8 outline an interesting behavior as
the performance of an approach when solving a given instance 𝐼 seems
to depend both on the packing dimensions of the items in 𝐼 and on
whether or not 𝐼 has a knapsack component. We remind the reader
that smaller items are detrimental for the preprocessing techniques
introduced in Section 4, meaning that instances with smaller items
usually require mathematical models (for solving the overall problem
or for solving its MP and SP components) involving more variables and
constraints, all other parameters being equal. We observe that:
12
• Instances in class [𝑊2 , 𝑊2 ] are particularly easy for all methods and
do not present any computational challenge. We point out that,
for this instance class, the computational time was entirely spent
in the preprocessing for all methods;

• Instances in class [𝑊3 , 𝑊2 ] are also relatively easy except for
COMPACT-CSP. These instances possess a strong knapsack com-
ponent (i.e., all items cannot be packed in an optimal solution)
while being composed of relatively large items;

• Instances in class [𝑊4 , 𝑊2 ] are more difficult as they are composed
of slightly smaller items compared to the previous class while they
often still possess a knapsack component;

• Instances in class [𝑊5 , 𝑊2 ] seem slightly easier. Even if they are
composed of smaller items compared to the previous class, only
half of these instances possess a knapsack component;

• Instances in class [𝑊6 , 𝑊2 ] seem to be easy to solve again for all
methods except COMPACT-CSP. The fact that they are composed
of the smallest items seems to be counterbalanced by the fact
that none of these instances have a knapsack component (i.e., the
items are so small that they can all be packed in the truck);

Overall, the most difficult instances are the ones composed of many
small and heterogeneous items that cannot fit all together in the truck.

7.3. Supplementary features

Even though the proposed approaches provide solutions that satisfy
Nunner logistics’ main criteria, real-world container loading problems
often involve problem-specific features that require an additional set
of ad hoc constraints to be modeled. We explain in this section how
supplementary real-world features which are also relevant for Nunner
and other logistic companies can be integrated into our algorithms.

7.3.1. Customer multiplicity
One aspect that Nunner logistics would like to take into account

in the packing layout is customer multiplicity. If the company needs
to deliver some items to multiple customers in the same day, two
supplementary constraints should be taken into account when creating
the packing layout: (i) an item can only be stacked on top of another
item if both items must be delivered to the same customer and (ii) given
a customer ordering (based on the delivery route of the truck), the items
that must be delivered to the next customer in the ordering must be
‘‘reachable’’ without having to move the items that belong to one of
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Table 8
Performance of the selected methods on random instances varying the range of the item width and length.

𝑤𝑖 and 𝑙𝑖 range COMPACT-CSP SEQ DEC2-CB DEC2 DEC3-CB DEC3

# opt T (s) # opt T (s) # opt T (s) # C # opt T (s) # C # opt T (s) # C1 # C2 # opt T (s) # C1 # C2

[𝑊
2
, 𝑊

2
] 10 3 10 3 10 3 0 10 3 0 10 2 0 0 10 2 0 0

[𝑊
3
, 𝑊

2
] 8 736 7 5 10 8 0 10 3 0 10 3 4.8 0 10 3 4.8 0

*[𝑊
4
, 𝑊

2
] 0 3600 9 1153 6 1479 2.5 9 472 0.3 9 879 508.4 1.5 9 634 392.6 0.1

[𝑊
5
, 𝑊

2
] 0 3600 9 1075 7 1166 0.1 9 571 0 9 462 298.9 0.5 10 309 332.1 0

[𝑊
6
, 𝑊

2
] 0 3600 10 94 10 152 0 10 150 0 10 163 0.3 0.2 10 151 0.3 0

Total 18 2308 45 466 43 561 0.5 48 240 0.1 48 302 162.5 0.4 49 220 146 0
Fig. 3. Four packing configurations for an instance with two customers (2D views seen from above).
the subsequent customers. Such a requirement is known as ‘‘unloading
constraints’’ in the literature [36].

Single-customer columns. Forbidding the stacked columns to contain
items belonging to two different customers is relatively easy in our
problem as one just needs to update the necessary conditions for two
items 𝑖 and 𝑖′ to be stackable by requiring that, on top of the six
conditions introduced in Section 3, both items 𝑖 and 𝑖′ should be
delivered to the same customer.

Unloading constraints. Making sure that the items belonging to the next
customer in the route can all be reached from the back of the truck
without having to move any other item is slightly more challenging.
First, defining unacceptable packing is not always straightforward. Let
us consider, for example, the four packing configurations displayed in
Fig. 3 which are 2D views of the truck from above. Assuming that the
back of the truck is at the bottom and that the dark gray customer needs
to be delivered first, it is clear that the first (most left) configuration
is feasible, the second is infeasible, and the third and fourth are both
feasible. But if we now consider that the light gray customer needs to
be delivered first, while the first configuration is clearly infeasible and
the fourth is clearly feasible, there is no obvious answer as far as the
second and the third configurations are concerned. Even though the
light gray items are all accessible from the back of the truck, one can
also argue that the dark gray items may constitute an obstacle.

After some discussions, we adopted the same definition for un-
loading constraints as the one used by Côté et al. [36], which can
be described as follows: a stacked column 𝑖 (of items) belonging to a
customer is allowed to be packed in coordinate (𝑤, 𝑙) if every stacked
column 𝑖′ belonging to a subsequent customer is packed in a coordinate
(𝑤′, 𝑙′) such that either (i) columns 𝑖 and 𝑖′ do not overlap in the 𝑥-
axis (i.e., either 𝑤 + 𝑤𝑖 <= 𝑤′ or 𝑤′ + 𝑤𝑖′ <= 𝑤) or (ii) column 𝑖 is
packed closer to the back of the truck than column 𝑖′ (i.e., 𝑙 + 𝑙𝑖 ≤
𝑙′). According to such a rule, the two middle configurations are not
allowed if the light gray customer must be delivered first. As far as
implementation is concerned, such a constraint is easy to implement
in SP2 (and therefore, in SP3-2). Recall that, in the two subproblems,
all the tasks (i.e., the bottom items) occupying abscissa 𝑤 are gathered
13
in set 𝑤 and that an interval variable 𝑖𝑣𝑙𝑖 is associated to each task
𝑖 (𝑖 ∈ ). If we denote by 𝑐 the customer index (i.e., the position in
which a customer is visited in the delivery route) and by 𝑐𝑖 the customer
index of item 𝑖, unloading constraints can be defined as follows:

𝚎𝚗𝚍𝚋𝚎𝚏𝚘𝚛𝚎𝚜𝚝𝚊𝚛𝚝(𝑖𝑣𝑙𝑖, 𝑖𝑣𝑙𝑖′ ) 𝑖 ∈ 𝑤, 𝑖
′ ∈ 𝑤 ∶ 𝑐𝑖′ > 𝑐𝑖, 𝑤 = 0,… ,𝑊 − 1,

(62)

which ensures that, given a task 𝑖 (i.e., a bottom item), every task
associated with a subsequent customer that overlaps with 𝑖 on the 𝑥-
axis needs to have its starting time (i.e., its 𝑦-coordinate) greater than
or equal to the starting time of 𝑖 plus the duration of 𝑖.

7.3.2. Generalized fragility constraints
Because Nunner logistics limits the maximum number of items that

can be stacked in the same column to 𝑆 = 3, it is possible to incorporate
the fragility constraints forbidding a heavy item to be stacked on a light
item into the compatibility graph . By doing so, given the criteria
described in Section 3, the sum of the item weights stacked on top
of a given bottom item 𝑖 never exceeds twice the weight of item 𝑖
(because of the condition stating that the weight of the bottom item
must be larger than or equal to the weight of the top item — note
that one could also tune that criterion by using an ad hoc coefficient).
When one considers larger 𝑆 values (e.g., 10 or 20), such a strategy
does not make sense anymore as an item may be able to accommodate
once or twice its weight, but probably not ten or twenty times. These
fragility constraints can easily be taken into account in our models
by considering a fragility coefficient 𝑓𝑖 for each item 𝑖 (𝑖 = 1,… , 𝑛)
indicating the maximum weight allowed to be stacked on top of item 𝑖
and by adding the following constraints related to the column creation:
𝑛
∑

𝑖′=1

𝑆
∑

𝑠=2
𝑦𝑖𝑖′𝑠𝑘𝑖′ ≤ 𝜉𝑃𝑖 𝑓𝑖 𝑖 = 1,… , 𝑛, (63)

𝑛
∑

𝑖′=1

𝑆
∑

𝑠′=𝑠+1
𝑦𝑖𝑖′𝑠′𝑘𝑖′ ≤

𝑛
∑

𝑖′=1
𝑦𝑖𝑖′𝑠𝑓𝑖′ 𝑖 = 1,… , 𝑛, 𝑠 = 2,… , 𝑆 − 2, (64)

where constraints (63) make sure that the total weight on top of item

𝑖 does not exceed its fragility if item 𝑖 is used as a bottom item and
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Table 9
Performance of the DEC3 on the real instances taking into account supplementary features.

Idx # cust DEC3-0-0 DEC3-1-0 DEC3-0-1 DEC3-1-1

# opt T (s) opt val # C1 # C2 # opt T (s) opt val # C1 # C2 # opt T (s) opt val # C1 # C2 # opt T (s) opt val # C1 # C2

1 2 1 3 401 925 0 0 1 3 401 925 0 1 1 3 401 925 0 0 1 3 401 925 0 1
2 1 1 1 308 400 0 0 1 1 308 400 0 0 1 1 308 400 0 0 1 1 308 400 0 0
3 2 1 3 339 840 0 0 1 3 339 840 0 2 1 3 339 840 0 0 1 3 339 840 0 2
4 4 1 2 396 738 11 0 1 2 396 738 9 21 1 2 396 738 10 0 1 2 396 738 6 21
5 2 1 1 363 394 1 0 1 1 363 394 7 0 1 1 363 394 3 0 1 1 363 394 3 0
6 3 1 2 414 307 0 0 1 2 414 307 0 0 1 2 414 307 0 0 1 2 414 307 0 0
7 4 1 4 375 550 1 0 1 4 375 550 0 27 1 4 375 550 1 0 1 4 375 550 0 27
8 2 1 3 326 700 0 0 1 2 326 700 0 0 1 3 326 700 0 0 1 2 326 700 0 0
9 1 1 17 469 450 24 0 1 17 469 450 24 0 1 45 452 150 77 0 1 46 452 150 77 0
10 2 1 1 379 800 0 0 1 1 379 800 0 0 1 1 379 800 0 0 1 1 379 800 0 0

Total 2.3 10 4 377 610 3.7 0 10 4 377 610 4 5.1 10 6 375 880 9.1 0 10 6 375 880 8.6 5.1
t
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constraints (64) make sure that the sum of the item weights in position
𝑠 + 1, 𝑠 + 2,… , 𝑆 in column 𝑖 does not exceed the fragility of the item
acked in position 𝑠 in that same column. We point out that constraints
64) are neither necessary for 𝑠 = 𝑆−1 (as those can be included in the
ompatibility graph ) nor for 𝑠 = 𝑆 (as packing an item in position
+ 1 is not allowed).
We report in Table 9 the results of DEC3 when none (DEC3-0-0),

ne (DEC3-1-0 for customer multiplicity and DEC3-0-1 for generalized
ragility constraints), and the two features (DEC3-1-1) are taken into
ccount on the ten real instances. The number of customers varied
etween one and four (this information was available in the daily
nstances provided by Nunner) and values 𝑓𝑖 were set to 𝑤𝑖 for all items
this information was not available, so we used an approximation). In
he table, column ‘‘# cust’’ reports the number of customers in the
nstance and column ‘‘opt val’’ indicates the optimal solution value of
he instance.

Based on the similarity between the results obtained by DEC3-0-
and DEC3-1-0, we can state that taking customer multiplicity into

ccount in the real instances is not particularly difficult. We observe,
owever, an increase in the number of NGC3-2 cuts required (5.1 on
verage for DEC3-1-0 versus 0 for DEC3-0-0), which does not come
s a surprise considering that the newly added unloading constraints
elong to SP3-2. This increase is more pronounced in the instances
ith four customers. Interestingly, we did not notice a decrease in the
ptimal solution value, which is an observation that is probably only
alid for the tested real instances. Indeed, for every instance except I9,
ll items could be packed in an optimal solution. In addition, I9 only has
ne customer, which explains why DEC3-0-0 and DEC3-1-0 obtained
dentical results for that instance. We tested DEC3-1-0 on a modified
ersion of I9 in which the existing items were split into two customers
nd we observed that the instance became much more difficult to solve:
t required more than nine hours of computation time, 29 NGC3-1 cuts,
nd 11 267 NGC3-2 cuts. We also observed a decrease in the objective
olution value from 469 450 to 467 750.

By comparing the results obtained by DEC3-0-0 with those obtained
y DEC3-0-1, we can state that using generalized fragility constraints
oes not necessarily deteriorate the performance of the model, but it
ay decrease the value of the optimal solution This does not come as
surprise as DEC3-1-0 is more constrained than DEC3-0-0 when 𝑓𝑖

s set to 𝑤𝑖. We did not observe any unexpected interactions between
ustomer multiplicity and generalized fragility constraints (i.e., the
esults obtained by DEC3-1-1 were in line with those obtained by
EC3-1-0 and DEC3-0-1), but we believe that this is due to the relative

‘simplicity’’ of the real instances provided by the company.
To conclude this section, we compare in Fig. 4 the optimal packing

ayouts obtained by DEC3-1-1 and by a version of DEC3-0-0 where
ulti-customer columns are forbidden but where unloading constraints

re not enforced. The figure shows 2D views of the truck from above,
he back of the truck is located at the bottom of the figure, and only
he bottom items are displayed in the packing layout (but the index of
very item composing the column appears in the figure). The item color
epresents the customer index and lighter colors identify the customers
hat must be delivered earlier in the route. We can see that the packing
14

ayout obtained by DEC3-0-0 for instances I4, I5, and I7 does not satisfy f
he unloading constraints, but that DEC3-1-1 is able to find a packing
ayout using the same items that does satisfy those constraints. We also
bserve in I9 solutions that some 3-item columns that are allowed in
EC3-0-0 are forbidden in DEC3-1-1 (e.g., the column composed of

tems 3, 25, and 4 where 𝑘3 = 82, 𝑘25 = 60, and 𝑘4 = 40) whereas
thers are feasible in both approaches (e.g., the column composed of
tems 18, 3, and 4 where 𝑘18 = 265, 𝑘3 = 82, and 𝑘4 = 40).

. Conclusion

We studied various solution methods aimed at solving exactly a
eal-world single container loading problem with stacking constraints
nd medium-sized weakly heterogeneous items. After introducing a
ompact integer programming model together with some innovative
d hoc reduction procedures, we described a sequential approach and
hree decomposition algorithms to solve the problem. We empirically
valuated each of the proposed methods on a set of real and randomly
enerated instances and made a number of relevant observations.

From the company point of view, it is interesting to know that (i)
he (non-exact) sequential strategy that is currently used often leads
o an optimal solution provided that each component of the approach
s solved to optimality, (ii) the company daily instances are relatively
asy to solve to optimality with an effective decomposition approach,
nd (iii) customer multiplicity and generalized fragility constraints can
asily be taken into account in the company daily instances.

From the optimization point of view, it is interesting to observe
hat (i) there is a connection between the studied loading problem and
he kidney exchange problem, (ii) under certain conditions, there is a
etter preprocessing for adjusting the item dimensions than the one
ased on dynamic programming, (iii) item multiplicity can be exploited
ven if only a subset of the item features (in our case, the packing
imensions) is identical, (iv) there are more than one decomposition
ethod that can be used to solve a loading problem, and some of

hese decomposition methods are faster than others, and (v) using
allbacks does not necessarily speed-up (and can even be detrimental
o) a decomposition approach.

Overall, the proposed methods provide satisfactory results for the
ptimization problem faced by Nunner logistics considering that real-
stic instances with a common size 250 cm × 1375 cm × 275 cm truck
nd up to 70 items could be solved to optimality. This is already an
chievement compared to existing exact decomposition methods for
wo-dimensional and three-dimensional packing literature considering
hat the largest-sized two-dimensional orthogonal packing instance
olved by Côté et al. [36] had 𝑊 × 𝐿 = 14 × 130 and 36.9 items
n average, the largest-sized two-dimensional strip packing instances
olved by Côté et al. [2] and Delorme et al. [4] had either 𝑊 = 1000 and
0 items or 𝑊 = 100 and 100 items, the largest-sized two-dimensional
in packing instances solved by Polyakovskiy and M’Hallah [23] had
× 𝐿 = 100 × 100 and 100 items while those solved by Côté et al.

3] had 𝑊 × 𝐿 = 300 × 300 and 100 items, and the largest-sized
hree-dimensional container loading instances solved by Do Nascimento
t al. [22] had either 𝑊 × 𝐿 × 𝐻 = 100 × 100 × 100 and 14 items or
×𝐿×𝐻 = 10×10×10 and 91 items. Note that such comparisons are
or indicative purposes only since the optimization problems solved in
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Fig. 4. 2D views seen from above of the optimal DEC3-0-0 (left) and DEC3-1-1 (right)
packing layouts.

each of these papers were not identical to the one we studied, even
though they shared some similarities. Indeed, we remind the reader
that our approaches exploited some problem features that were specific
to the problem encountered by Nunner, especially the fact that the
items were relatively large when compared to the vehicle, the fact
that the items were weakly heterogeneous on the width and the length
dimensions, but not on the height dimension, and the fact that only one
item per layer was allowed in a column. If the items were also weakly
heterogeneous on the height dimension and if there were small-sized
items, then it would make more sense for the company to also consider
15
allowing multiple items per layer, as was done, for example, in the work
of Toffolo et al. [21].

As far as future research directions are concerned, we mention in
particular (i) the integration of column stability (i.e., making sure that
the item columns do not fall when the truck moves), (ii) the search for
more effective unloading constraints (an artificial instance with two
customers required more than nine hours of computation time to be
solved), and (iii) the creation of a hyper-algorithm able to select which
method among the ones proposed in this work is better suited to solve
a given instance (following the recent trend that aims at incorporating
machine learning techniques into optimization algorithms, see [38]).
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