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DICHOTOMIES FOR LINEAR DIFFERENCE EQUATIONS AND

HOMOCLINIC ORBITS OF NONINVERTIBLE MAPS

FLAVIANO BATTELLI, MATTEO FRANCA, AND KENNETH J. PALMER

Abstract
In this article we first show that conditions given by Hale and Lin, Steinlein and

Walther, and Sander, which ensure the presence of chaotic dynamics near a homo-

clinic orbit of a noninvertible map, are equivalent to the exponential dichotomy

of the variational equation along the homoclinic orbit. Next we study the notion

of generalized exponential dichotomy, which arises from Steinlein and Walther’s

notion of hyperbolicity. Finally we correct a slight mistake in our article “Expo-

nential dichotomy for noninvertible linear difference equations”, which appeared

in volume 27 of Journal of Difference Equations and Applications.

Mathematics Subject Classification. 37C29, 39A06, 39A33.
Key words. linear, difference equations, noninvertible, exponential dichotomy, homoclinic, chaos

1. Introduction

First, we give the definition of exponential dichotomy for a linear difference
equation

(1) x(k + 1) = A(k)x(k), k ∈ Z, x(k) ∈ Rn,

where Z is the set of integers. Recall that the transition matrix Φ(k,m) of (1) is
given by Φ(m,m) = I, the identity matrix and Φ(k,m) = A(k − 1) · · ·A(m) for
k > m, moreover, given a linear map L : R2 → Rm, and RL and NL denote the
range and the kernel of L, respectively.

Definition 1. A linear difference equation (1) has an exponential dichotomy on
an interval J ⊆ Z if the transition matrix Φ(k,m) of (1) satisfies the following
conditions: there is a projection matrix function P (k) of constant rank such that

Φ(k,m)P (m) = P (k)Φ(k,m)

for k ≥ m in J and there exist constants K ≥ 1 and α > 0 such that for k ≥ m in
J ,

|Φ(k,m)v| ≤ Ke−α(k−m)|v|, v ∈ RP (m),

|Φ(k,m)v| ≥ K−1eα(k−m)|v|, v ∈ NP (m).

The invariance of the projection implies the subspaces are invariant and the last
of the above inequalities implies that Φ(k,m) is one to one on the null-space. As
the dimension of NP (k) is constant, we conclude that Φ(k,m) : NP (m) → NP (k)
is an isomorphism for any k ≥ m.

M.F has been partially supported by GNAMPA-INdAM (Italy).
K.P. is the corresponding author.
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2 F. BATTELLI, M. FRANCA, AND K. J. PALMER

Here is a common situation where such a system (1) arises. Let f be a C1 map
of Rn into itself and let the sequence xk of points satisfy xk+1 = f(xk) for k ∈ Z.
Then, the variational equation along this solution is

(2) y(k + 1) = Df(xk)y(k), k ∈ Z.

Note that the transition matrix for this equation is given by

Φ(k,m) = Dfk−m(xm), k ≥ m.

We prove this by induction on k. It clearly holds for k = m. Assuming Φ(k,m) =
Dfk−m(xm) for some k ≥ m , it follows by the chain rule that

Φ(k + 1,m) = Φ(k + 1, k)Φ(k,m) = Df(xk)Dfk−m(xm)

= Df(fk−m(xm))Dfk−m(xm) = Dfk−m+1(xm).

So it holds for k + 1 and the induction proof is complete.

We summarize the contents of the paper. Hale and Lin [5], Steinlein and Walther
[12], and Sander [11] have given conditions (equivalent in finite dimensions) which
ensure that the dynamics in the neighborhood of a homoclinic orbit xk of a nonin-
vertible map f in Rn are chaotic. In Section 2, we show that these conditions are
equivalent to the fact that the difference equation (2) has an exponential dichotomy
on Z. As far as we know, this is not an observation that has been made previously.

In Section 3 we study the notion of generalized exponential dichotomy, which is
suggested by the definition of hyperbolicity given by Steinlein and Walther in [12].
This is weaker than exponential dichotomy in the respect that the null-space of the
projection is not invariant. We derive some basic properties of such dichotomies
and find conditions under which generalized exponential dichotomy implies expo-
nential dichotomy. The projections in such dichotomies are not unique; for intervals
containing Z+, we find all possible projections, and for Z−, we give a partial result.

Finally, in Section 4, we correct a slight mistake in [1, Theorem 4.3], where it
is said that the exponential dichotomy of a linear difference system (1) on k ≥ m
can be extended to k ≥ 0 without altering the projection on k ≥ m if a certain
condition is satisfied. We show by example that this does not hold and give the
correct condition.

2. Homoclinic orbits of non-invertible maps: A reinterpretation of
results of Hale and Lin, Steinlein and Walther, and Sander

Let f be a C1 map of Rn into itself. A fixed point q of f is said to be hyperbolic
if the eigenvalues of Df(q) lie off the unit circle. This includes the possibility that
one of the eigenvalues is 0. A sequence {xk}∞k=−∞ of points in Rn is said to be a
homoclinic orbit to q if xk+1 = f(xk) for all k ∈ Z and xk → q as k → ±∞. This
includes the possibility of what we may call a snapback homoclinic orbit, that is,
that xk = q for large k > 0. In the case that q is a repelling fixed point, that is,
all the eigenvalues of Df(q) lie outside the unit circle, such an orbit is known as a
snapback repeller.

In the case when f is a diffeomorphism, {xk}∞k=−∞ is a homoclinic orbit to q
if, and only if, x0 lies in the neighborhood of the stable manifold W s and unstable
manifold Wu of q. Furthermore, if this intersection is transversal, f exhibits chaotic
dynamics in the neighbourhood of the homoclinic orbit. Also, it was shown in
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[8] (see also [3]) that a homoclinic orbit is transversal if, and only if, (2) has an
exponential dichotomy on Z.

Now, in the case when f is not invertible, it is still true that {xk}∞k=−∞ is a
homoclinic orbit to q if, and only if, x0 lies in the intersection of the stable and
unstable manifolds of q. However, as shown by examples in Sander [11], even
when this intersection is transversal, there may not be chaotic dynamics in the
neighborbood of the homoclinic orbit.

Question: What condition must a homoclinic orbit of a non-invertible map
satisfy in order that there is chaotic dynamics in its neighborhood? This question
has been answered by Hale and Lin [5], Steinlein and Walther [12] and Sander [11],
as we detail below.

2.1. Hale and Lin. This problem was first treated by Hale and Lin [5] in the
context of nonlinear semi-flows. In terms of the notation used in this paper, their
condition was (see page 232 in [5]) that for sufficiently large negative m and large
positive k such that xm ∈ Wu

loc and xk ∈ W s
loc , fk−m sends a disc in Wu

loc contain-
ing xm diffeomorphically onto its image which is transverse to W s

loc at xk (here,
W s

loc = W s(q, U) is a local stable manifold of q where U is a small neighborhood of q
(see p.231 in [5]). Similarly, Wu

loc is a local unstable manifold). Now, Dfk−m(xm)
sends the tangent space Txm

Wu
loc at xm to the subspace Dfk−m(xm)(Txm

Wu
loc).

So, Hale and Lin’s condition is equivalent to saying that Dfk−m(xm) is one to one
on Txm

Wu
loc and Dfk−m(xm)(Txm

Wu
loc) is transverse to Txk

W s
loc.

2.2. Steinlein and Walther. In [12], Steinlein and Walther consider a map f
defined on a Banach space L. Their condition (again changing the notation slightly)
is (see page 339 in [12]) that there exists a natural number n0 such that for all
integers m < −n0 and k > n0, xm ∈ Wu

loc and xk ∈ W s
loc, Dfn−m(xm)(TxmWu

loc)
is closed with L = Dfn−m(xm)(Txm

Wu
loc)⊕Txk

W s
loc and Dfn−m(xm) is injective on

Txm
Wu

loc. Note when L is finite-dimensional, the condition Dfn−m(xm)(Txm
Wu

loc)
is closed and is not needed.

2.3. Sander. In [11], the condition (see Theorem 4.1 in [11]) given by Sander (again
changing the notation slightly) is that there exists a sufficiently large N such that
for all m < −N and k > N , xm ∈ Wu

loc and xk ∈ W s
loc, Dfk−m

xm
is injective on

Txm
Wu

loc and maps Txm
Wu

loc to a subspace transversal to Txk
W s

loc.
These three conditions are essentially the same, and under this condition, the

three authors mentioned above are able to prove the presence of chaotic dynamics
in the neighborhood of the homoclinic orbit.

Let us interpret this condition (we use Sander’s version) in terms of the properties
of the linear difference system (2). As we saw in the Introduction, the transition
matrix for this equation is given by

Φ(k,m) = Dfk−m(xm), k ≥ m.

Now, the equation

y(k + 1) = Df(q)y(k), k ∈ Z
has an exponential dichotomy on Z with projection of rank r (say). SinceDf(xk) →
Df(q) as k → ±∞, it follows from the roughness theorem (see, for example, Theo-
rems 5.2 and 5.4 in [1]) that if N is sufficiently large, (2) has dichotomies on k ≥ N
and k ≤ −N with projections P (k) and Q(k), respectively, both projections with
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rank r. Now, it follows from arguments as in the diffeomorphism case (see Propo-
sition 3.3 in [9]) that for m < −N , we have TxmWu

loc = NQ(m) and for k > N ,
we have Txk

W s
loc = RP (k). Then, Sander’s condition says exactly that Φ(k,m) is

injective on NQ(m) and maps NQ(m) onto a subspace transversal to RP (k). In
the theorem below, we show that Sander’s condition is equivalent to the exponential
dichotomy of (2) on Z.

Theorem 1. Suppose (1) has exponential dichotomies on [N1,∞) and (−∞,−N2],
where N1 ≥ 0, N2 ≥ 0, with respective projections P (k) and Q(k) of the same rank
r. Then, the following four conditions are equivalent:

(i) (1) has no bounded solution x(k) such that x(k) ̸= 0 for at least one k;

(ii) for all m < −N2 and ℓ > N1, Φ(ℓ,m) is injective on NQ(m) and maps
NQ(m) onto a subspace transversal to RP (ℓ);

(iii) there exist m < −N2 and ℓ > N1 such that Φ(ℓ,m) is injective on NQ(m)
and maps NQ(m) onto a subspace transversal to RP (ℓ);

(iv) (1) has an exponential dichotomy on Z.

Proof. To start we show (i) implies (ii). Note if x(k) is a bounded solution of (1),
then x(m) ∈ NQ(m) and x(ℓ) = Φ(ℓ,m)x(m) ∈ RP (ℓ) for any m < −N2 and
ℓ > N1. This solution is not identically zero if, and only if, x(m) ̸= 0. Hence, (i) is
equivalent to saying that if there exists ξ ∈ NQ(m) such that Φ(ℓ,m)ξ ∈ RP (ℓ),
then ξ = 0. This, in turn, is equivalent to saying that Φ(ℓ,m) maps NQ(m) one to
one onto a subspace transversal to RP (ℓ), which is (ii).

It is clear that (ii) implies (iii).
Next we show (iii) implies (iv). To begin, since Φ(ℓ,m) is injective on NQ(m),

it follows from Theorem 4.4 (i) in [1] that the exponential dichotomy on k ≤ −N2

can be extended to k ≤ ℓ with a possibly new projection Q̃(k). However, N Q̃(m) =

NQ(m) must hold. Then, N Q̃(ℓ) = Φ(ℓ,m)(N Q̃(m)) = Φ(ℓ,m)(NQ(m)) is
transversal to RP (ℓ). The conclusion that (1) has an exponential dichotomy on Z
now follows from [1, Corollary 3.3].

Finally, it follows from [1, Corollary 3.3] again that (iv) implies (i). □

It follows from this theorem that, in finite dimensions, Sander’s condition (and,
hence, the other two) is equivalent to the condition that the variational equation
(2) has an exponential dichotomy on Z. This is consistent with the result for
diffeomorphisms.

Note that in Definition 4.2.2 in [6], Kalkbrenner defines a homoclinic orbit xk to
a hyperbolic fixed point q to be transversal if (2) has an exponential dichotomy on
Z. However, he adds the additional condition that the projection P (k) associated
with the dichotomy has the property that for all ε > 0, there exists δ > 0 such that
|P (k) − Q| < ε when |xk − q| < δ, where Q is the projection associated with the
hyperbolicity of q.

3. A more general definition of exponential dichotomy

In Definition 1.1 in [12], Steinlein and Walther consider a C1 map f : U → L,
where U is an open set in a Banach space L, and say that a forward invariant set
I ⊆ U is hyperbolic (the notation has been changed slightly) if there are constants
K ≥ 1 and α > 0 and projections P (x), varying continuously with respect to x ∈ I,
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such that

(3) Df(x)(RP (x)) ⊆ RP (f(x)), RP (f(x)) +Df(x)(NP (x)) = L,

and for all n ≥ 1,

|Dfn(x)v| ≤ Ke−αn|v|, v ∈ RP (x),(4)

|(I − P (fn(x)))Dfn(x)v| ≥ K−1eαn|v|, v ∈ NP (x).

In the case of a homoclinic orbit, Steinlein and Walther show that under their
condition (as described in the previous section), the invariant set consisting of the
homoclinic orbit together with the fixed point form a hyperbolic set according to
the definition above. For such hyperbolic sets, they show that shadowing holds and
hence deduce the presence of chaos in the set.

In Steinlein and Walther’s definition, if we consider x ∈ I and define xk = fk(x)
for f ≥ 0, then the transition matrix of (2) is given by Φ(k,m) = Dfk−m(xm). We
also define A(k) = Df(xk) and P (k) = P (xk). Then, taking x = xk in (3), we see
that

A(k)(RP (k)) ⊆ RP (k + 1), RP (k + 1) +A(k)(NP (k)) = L.

Taking n = k −m and x = xm, the first inequality in (4) implies that

|Φ(k,m)v| ≤ Ke−α(k−m)|v|, v ∈ RP (m), k ≥ m.

Similarly, the second inequality in (4) implies that

|(I − P (k))Φ(k,m)v| ≥ K−1eα(k−m)|v|, v ∈ NP (m), k ≥ m.

So, Steinlein and Walther’s definition implies the following more general defini-
tion of exponential dichotomy.

Definition 2. A linear difference equation (1) has a generalized exponential di-
chotomy on an interval J ⊆ Z if the transition matrix Φ(k,m) of (1) satisfies the
following conditions: there is a bounded projection function P (k) of constant rank
r such that

A(k)(RP (k)) ⊆ RP (k + 1), RP (k + 1) +A(k)(NP (k)) = Rn,

for k, k+ 1 ∈ J and there exist constants K ≥ 1 and α > 0 such that for k ≥ m in
J ,

(5) |Φ(k,m)x| ≤ Ke−α(k−m)|x|, x ∈ RP (m)

and

(6) |(I − P (k))Φ(k,m)x| ≥ K−1eα(k−m)|x|, x ∈ NP (m).

This definition is more general than Definition 1 because it is not assumed that
NP (k) is invariant under A(k).

Remark 1. Note we do not need to assume P (k) has constant rank. To see this,
let P (k) have rank r. (6) implies that (I−P (k+1))A(k)x ̸= 0 if x ∈ NP (k), x ̸= 0.
This implies A(k) is one to one on NP (k) and so the dimension of A(k)(NP (k))
is n− r. Let x ∈ RP (k + 1) ∩ A(k)(NP (k)). Then, x = A(k)y, where y ∈ NP (k)
and (I − P (k + 1))A(k)y = 0. As we just saw, this implies y = 0 and hence x = 0.
Therefore, RP (k + 1) ⊕ A(k)(NP (k)) = Rn, and so the dimension of RP (k + 1)
is r.
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3.1. Basic properties of generalized exponential dichotomies. Let us denote
by W+(m) and W−(m) the subspaces of initial conditions at k = m for which there
exists a solution of (1) bounded in the future and in the past, respectively, namely,

ξ ∈ W+(m) if, and only if, supk≥m |Φ(k,m)ξ| < ∞,

ξ ∈ W−(m) if, and only if, there exists a solution y(k) of (1)

such that y(m) = ξ and supk≤m |y(k)| < ∞.

(7)

Notice that for a fixed ξ ∈ W−(m), a priori y(k) might not be uniquely defined.

Proposition 1. Assume that (1) admits a generalized exponential dichotomy in J
with projection P (k). Then,

(i) (I − P (k))Φ(k,m) is one to one on NP (m), for k ≥ m.
(ii) RP (m) = Φ(k,m)−1(RP (k)) for k ≥ m.
(iii) N (Φ(k,m)) ⊆ RP (m) for k ≥ m.
(iv) if J contains Z+, for all m ∈ J we have RP (m) = W+(m), so that RP (m)

is uniquely defined.
(v) If J contains Z−, RP (m) ∩W−(m) = {0} for all m ∈ J .
(vi) If (1) has a generalized exponential dichotomy with projection P (k) and we

make the transformation x = T (k)y, where |T (k)| and |T−1(k)| are bounded
by N , then the transformed equation

y(k + 1) = B(k)y = T−1(k + 1)A(k)T (k)y

has a generalized exponential dichotomy with projection
Q(k) = T−1(k)P (k)T (k) and the same exponent.

Proof. (i) This follows immediately from |(I − P (k))Φ(k,m)x| ≥ K−1eα(k−m)|x| if
k ≥ m and x ∈ NP (m).

(ii) To begin, we prove it for k = m + 1. From the definition of generalized
exponential dichotomy, we see that A(m)(RP (m)) ⊆ RP (m+1) whenm,m+1 ∈ J .
Hence, RP (m) ⊆ A(m)−1(RP (m + 1)). Suppose x ∈ A(m)−1(RP (m + 1)) and
write x = u+ v, where u ∈ RP (m), v ∈ NP (m). Then,

A(m)v = A(m)x−A(m)u ∈ RP (m+ 1)

and hence (I − P (m+ 1))A(m)v = 0. However then v = 0 by (i) with k = m+ 1.
So, x = u ∈ RP (m). Hence, A(m)−1(RP (m + 1)) ⊆ RP (m), and so they are
equal. This proves (ii) for k = m+ 1. Iterating the argument using

Φ(k + 1,m)−1(RP (k + 1)) = Φ(k,m)−1(A(k)−1(RP (k + 1))),

we find that Φ(k,m)−1(RP (k)) = RP (m) when k > m, and so (ii) is proved.
(iii) Suppose Φ(k,m)x = 0. Then, x ∈ Φ(k,m)−1(RP (k)) = RP (m).
(iv) The proof that RP (m) ⊆ W+(m) goes as in [1, Lemma 3.1]. To prove that

W+(m) ⊆ RP (m), suppose that ξ ∈ W+(m) but that (I − P (m))ξ ̸= 0. Then,
since Φ(k,m)P (m)ξ ∈ RP (k), so that (I − P (k))Φ(k,m)P (m)ξ = 0, we have

|(I − P (k))Φ(k,m)ξ| = |(I − P (k))Φ(k,m)(I − P (m))ξ|

≥ L−1eα(k−m)|(I − P (m))ξ| → ∞

as k → ∞, contradicting supk≥m |Φ(k,m)ξ| < ∞.
(v) When J = Z or Z−, we prove that RP (m)∩W−(m) = {0}. Let ξ ∈ RP (m)∩

W−(m). Then, there exists a solution y(k) of (1) with ∥y∥∞ = supk≤m |y(k)| < ∞
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such that y(m) = ξ. Since by (ii), Φ(m, k)−1(RP (m)) = RP (k), it follows that
y(k) ∈ RP (k) ∩W−(k) for k ≤ m. Then, for k ≤ m,

|ξ| = |y(m)| ≤ Ke−α(m−k)|y(k)| ≤ Ke−α(m−k)∥y∥∞ → 0 as k → −∞.

So, ξ = 0.
(vi)The proof is straightforward using the fact thatΦ(k,m)=T (k)Ψ(k,m)T−1(m),

where Ψ(k,m) is the transition matrix for y(k + 1) = B(k)y. □

Next we note the following lemma, which has a similar proof to that of Lemma
5.3 in [1].

Lemma 1. Let J ⊆ Z be an interval in Z and assume (1) has a generalized
exponential dichotomy on J with constants K and α and projection P (k). Define

Ã(k) =


A = e−αP (a) + eα(I − P (a)) k < a = inf J,

A(k) k ∈ J

B = e−αP (b) + eα(I − P (b)) k ≥ b = sup J.

Then, x(k + 1) = Ã(k)x(k) has a generalized exponential dichotomy on Z with the
same constant K, exponent α and projection

P̃ (k) =

 P (a) if k ≤ a
P (k) if a ≤ k ≤ b
P (b) if k ≥ b.

3.2. When generalized exponential dichotomy implies exponential di-
chotomy. In this subsection, we derive conditions under which generalized ex-
ponential dichotomy implies exponential dichotomy. We begin with a lemma.

Lemma 2. The block triangular system

(8) x(k + 1) = A(k)x(k) =

(
A11(k) A12(k)

0 A22(k)

)
x(k),

where A11(k) is r × r, has a generalized exponential dichotomy on an interval J

with projection Pr =

(
Ir 0
0 0

)
and exponent α if, and only if, the corresponding

block diagonal system has an exponential dichotomy on J with projection Pr and
the same exponent α.

Proof. First suppose (8) has a generalized exponential dichotomy on an interval
J with projection Pr. Then, there exist positive constants K and α such that if
Φ(k,m) is the transition matrix for (8), for k ≥ m,

|Φ(k,m)x| ≤ Ke−α(k−m)|x|, x ∈ RPr

and

|(I − Pr)Φ(m, k)x| ≥ K−1eα(k−m)|x|, x ∈ NPr.

Note that

Φ(k,m) =

(
Φ11(k,m) Φ12(k,m)

0 Φ22(k,m)

)
,

where Φii(k,m) is the transition matrix corresponding to Aii(k). The above in-
equalities mean that for k ≥ m,

|Φ11(k,m)x1| ≤ Ke−α(k−m)|x1|, x1 ∈ Rr
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and

|Φ22(k,m)x2| ≥ K−1eα(k−m)|x2|, x2 ∈ Rn−r.

This means the diagonal system corresponding to (8) has an exponential dichotomy
with projection Pr and the same exponent α. The converse is proved by reversing
the argument. □

Proposition 2. Generalized exponential dichotomy implies exponential dichotomy
if |A(k)| is bounded.

Proof. To begin P (k) is bounded and has rank r, there exists an invertible matrix
function T (k) with |T (k)|, |T−1(k)| ≤ N such that P (k) = T (k)PrT

−1(k), where

Pr =

(
Ir 0
0 0

)
(see Lemma 1 on page 39 in [4]). Then the transformation x = T (k)y

takes (1) into

(9) y(k + 1) = T−1(k + 1)A(k)T (k)y(k) = B(k)y(k).

By Proposition 1 (vi) with Q(k) = Pr, it follows that (9) has a generalized exponen-
tial dichotomy with projection Q(k) = Pr. Next, it follows from B(k)(RPr) ⊆ RPr

that (I − Pr)B(k)Pr = 0, and so

B(k) =

(
B11(k) B12(k)

0 B22(k)

)
,

where B11(k) is r×r, etc.. Then, it follows from Lemma 2 that the diagonal system
corresponding to (9) has an exponential dichotomy with projection Pr. So by [2,
Theorem 3.1], since B12(k) is bounded because A(k) is, (9) has an exponential
dichotomy and, hence, also the original system (1). □

Examples. Here are examples to show that boundedness is necessary in all cases
Z, Z+ and Z−. In these examples we, use the system

(10) x(k + 1) = x(k)/2 + γky(k), y(k + 1) = 2y(k),

where γ > 0. Note that, by Lemma 2, (10) has a generalized exponential dichotomy
with P (k) = P1 since the diagonal system has an exponential dichotomy with
P (k) = P1. The solution of (10) starting from (x(0), y(0)) is
(11)

(
x(k)
y(k)

)
= Φ(k, 0)

(
x(0)
y(0)

)
=



(
(x(0)− c0y(0))2

−k + c0y(0)(2γ)
k

y(0)2k

)
γ ̸= 1/4(

x(0)2−k + ky(0)2−k+1

y(0)2k

)
γ = 1/4,

where c0 = 2/(4γ − 1). For system (10), we see that W+(m) = span(e1) for all m
and that

(12) W−(m) =

{
{c0γmη, η) : η ∈ R} (γ ≥ 1/2)

{0} 0 < γ < 1/2.

Note that this shows that if a system has a generalized exponential dichotomy, it
does not follow that dim W−(k) = n− r, where r is the rank of the projection, as
in the case of exponential dichotomy.

Example for Z+: Consider (10). If there is an exponential dichotomy with
projection Q(k) (say), then by Proposition 1 (iv), the range of Q(k) must be W+(k)
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and so is spanned by e1 and, therefore, Q(k) =

(
1 b(k)
0 0

)
. Assume γ > 1. We can

take the null-space of Q(0) as the span of (c0, 1). Then, NQ(k) = Φ(k, 0)(NQ(0))
is spanned by z(k) = (c0γ

k, 1). Since Q(k)z(k) = 0, it follows that b(k) = −c0γ
k.

Hence, Q(k) is unbounded, so there is no exponential dichotomy when γ > 1.

Remark 2. The example above can be used for Z also since exponential dichotomy
on Z implies exponential dichotomy on Z+.

Example for Z−: As noted above, (10) has a generalized exponential dichotomy
with P (k) = P1. A solution x(k) is bounded in k ≤ m if, and only if, x(m) ∈ W−(m)
so that when γ ≥ 1/2, x(m) = (c0γ

my(m), y(m)), where we have used (12). So
if there is an exponential dichotomy with projection Q(k) (say), the null-space
of Q(k) must be the span of z(k) = (c0γ

k, 1). Then, we may take the range of
Q(0) as the span of e1. Then, by Proposition 1 (ii), RQ(k) = Φ(k, 0)−1(RQ(0)),

which is the span of e1. Thus, Q(k) =

(
1 b(k)
0 0

)
and Q(k)z(k) = 0, so that

b(k) = −c0γ
k. If γ < 1, we see that Q(k) is unbounded. So there is no exponential

dichotomy if 1/2 ≤ γ < 1. Now, when 0 < γ < 1/2, it follows from (12) that
W−(m) = {0}. If (10) has an exponential dichotomy with projection Q(m), it
also admits a generalized exponential dichotomy with the same projection. Then,
Proposition 3.12 below implies that NQ(m), which must be W−(m), has dimension
1. This is a contradiction. So there is no exponential dichotomy if 0 < γ < 1.

In the next proposition, we show that generalized exponential dichotomy implies
exponential dichotomy if, and only if, there is a bounded invariant projection with
the same range as the original projection.

Proposition 3. Assume (1) admits a generalized exponential dichotomy in J with
projections P (k) of rank r. Then, (1) admits an exponential dichotomy in J if, and
only if, there is a bounded invariant projection Q(k) with RQ(k) = RP (k) for all
k.

Proof. To start we prove the sufficiency. As we saw in the proof of Proposition 2,
there is a bounded invertible transformation x = T (k)y with T−1(k) also bounded
such that

(13) y(k + 1) = T−1(k + 1)A(k)T (k)y(k) = B(k)y(k) =

(
A11(k) A12(k)

0 A22(k)

)
y(k)

has a generalized exponential dichotomy with projection T−1(k)P (k)T (k) = Pr =(
Ir 0
0 0

)
. Then, by Lemma 2, the diagonal system

(14) y(k + 1) =

(
A11(k) 0

0 A22(k)

)
y(k)

has an exponential dichotomy with projection Pr =

(
Ir 0
0 0

)
.

Now suppose (1) has a bounded invariant projection Q(k) with the same range

as P (k). Thus, A(k)Q(k) = Q(k + 1)A(k), which implies that B(k)Q̃(k) = Q̃(k +

1)B(k), where Q̃(k) = T−1(k)Q(k)T (k) has the same range as Pr. This means

Q̃(k) =

(
Ir q(k)
0 0

)
,
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where q(k) is bounded and, by invariance, satisfies

q(k + 1)A22(k)−A11(k)q(k) +A12(k) = 0.

Define

S(k) =

(
Ir q(k)
0 In−r

)
.

Then, we see that

S−1(k + 1)

(
A11(k) 0

0 A22(k)

)
S(k) =

(
A11(k) A12(k)

0 A22(k)

)
.

It follows by Proposition 1 (vi) that (13) has an exponential dichotomy with pro-

jection S−1(k)PrS(k) = Q̃(k). In turn, it follows that (1) has an exponential

dichotomy with projection T (k)Q̃(k)T−1(k) = Q(k).
Now we prove the necessity. Suppose (1) has a generalized exponential dichotomy

on J with projection P (k) and also an exponential dichotomy on J with projection
Q(k). When J = Z+, from Proposition 1 (iv), it follows that RP (k) = W+(k) =
RQ(k), for any k ∈ Z+, proving the result on Z+. Now suppose J = Z. We know
that in this case Q(k) is uniquely defined and that, because of the previous part,
RQ(k) = RP (k) for all k ≥ 0. Now, suppose k < 0. From Proposition 1 (ii) and
using the similar property for exponential dichotomy, we then have

RP (k) = Φ(0, k)−1(RP (0)) = Φ(0, k)−1(RQ(0)) = RQ(k)

and, hence, RP (k) = RQ(k) for all k ∈ Z. Finally, suppose J = Z−. Then, the
rank of Q(k) equals the rank r of P (k). Also, NQ(k) = W−(k) for all k ≤ 0. It
follows from Proposition 1 (v) that RP (k)⊕W−(k) = Rn. So we can take the range
of Q(k) to be the range of P (k). Then, Q(k) is a bounded invariant projection with
RQ(k) = RP (k). □

Remark 3. It follows from this proposition that if a system on Z− has a generalized
exponential dichotomy with projection P (k) such that NP (k) = W−(k) for k ≤ 0,
then the system has an exponential dichotomy with this projection.

3.3. Changing the projection in a generalized exponential dichotomy. In
this subsection, for systems on Z and Z+ with a generalized exponential dichotomy,
we characterize all possible projections. For systems on Z−, we can only give partial
results in this direction.

Proposition 4. Suppose system (1) has a generalized exponential dichotomy on
J with projection P (k) of rank r and exponent α. Then, if Q(k) is a family of
bounded projections such that RQ(k) = RP (k), (1) also has a generalized exponen-
tial dichotomy with projection Q(k) and the same exponent α.

Proof. To begin we show A(k) is one to one on NQ(k). Let A(k)x = 0 where x ∈
NQ(k). x ∈ N (A(k)), and so by Proposition 1 (iii), x ∈ RP (k) = RQ(k). Hence,
x ∈ RQ(k) ∩ NQ(k) and so x = 0. This implies that dim A(k)(NQ(k)) = n − r.
Next, let

x ∈ RQ(k + 1) ∩A(k)(NQ(k)) = RP (k + 1) ∩A(k)(NQ(k)).

Then, x = A(k)y, where y ∈ NQ(k) and (I − P (k + 1))A(k)y = 0. So,

0 = (I − P (k + 1))A(k)P (k)y + (I − P (k + 1))A(k)(I − P (k))y

= (I − P (k + 1))A(k)(I − P (k))y.
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Hence, by Proposition 1 (i), (I − P (k))y = 0 so that y ∈ RP (k) = RQ(k). Thus,
y = 0 and hence x = 0. Therefore, RQ(k + 1) ∩ A(k)(NQ(k)) = {0} and we
conclude

RQ(k + 1)⊕A(k)(NQ(k)) = Rn.

Let the constant in the generalized exponential dichotomy of (1) be K. Then, the
fact that

|Φ(k,m)x| ≤ Ke−α(k−m)|x|
for any x ∈ RQ(m) is clear, since RQ(m) = RP (m).

Next we make a remark here that

|(I − P (k))x| ≥ |I −Q(k)|−1|(I −Q(k))x| ≥ N−1|(I −Q(k))x|,
where |I −Q(k)| ≤ N . This follows from

|(I −Q(k))x| = |(I −Q(k))(I − P (k))x| ≤ |I −Q(k)| |(I − P (k)x|.
where we have used Q(k)P (k) = P (k). Similarly, we also have

|(I −Q(k))x| ≥ |I − P (k)|−1|(I − P (k))x| ≥ N−1|(I − P (k))x|,
if we also assume |I − P (k)| ≤ N . Then, if x ∈ NQ(m) and k ≥ m,

|(I −Q(k))Φ(k,m)x| ≥ N−1|(I − P (k))Φ(k,m)x|
= N−1|(I − P (k))Φ(k,m)(I − P (m))x|

since Φ(k,m)(RP (m)) ⊆ RP (k)

≥ N−1K−1eα(k−m)|(I − P (m)x|

≥ N−2K−1eα(k−m)|(I −Q(m))x|

= N−2K−1eα(k−m)|x|. □

Remark 4. In view of Proposition 1 (iv), when J = Z or Z+, Proposition 4 gives
all the possible projections with respect to which (1) has a generalized exponential
dichotomy.

Now we consider systems on Z−. For J = Z or Z+, we know that the range of
the projection in a generalized exponential dichotomy must be W+(k). For J = Z−,
this is clearly not true but at least we can show that the rank of the projection is
well-defined.

Proposition 5. Assume (1) admits a generalized exponential dichotomy in Z−
with projections P (k) and Q(k). Then, P (k) and Q(k) have the same rank.

Proof. Let K and α be the constant and exponent for the generalized exponential
dichotomy when the projection is P (k). To start we show if m is large negative

NP (m) ∩RQ(m) = {0}.
Let ξ ∈ NP (m) ∩RQ(m) with ξ ̸= 0. Then, for m ≤ 0,

|Φ(0,m)ξ| ≤ Keαm|ξ|
and

|I − P (0)| |Φ(0,m)ξ| ≥ |(I − P (0))Φ(0,m)ξ| ≥ K−1e−αm|ξ|.
It follows that

K−1e−αm ≤ |I − P (0)|Keαm,
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which clearly does not hold if m is large negative. So ξ = 0 and the assertion is
proved. By symmetry, we also have for m large negative

RP (m) ∩NQ(m) = {0}.

Now we need a lemma.

Lemma 3. Let P and Q be projections such that NP ∩RQ = {0} and RP ∩NQ =
{0}. Then, P and Q have the same rank.

Proof. Define J = PQ+ (I − P )(I −Q). Then, PJ = JQ. Suppose Jξ = 0. Then

PQξ = (I − P )(I −Q)ξ = 0.

It follows that Qξ = (I − P )Qξ = (I − P )ξ. Since NP ∩ RQ = {0}, Qξ =
(I − P )ξ = 0. Hence, ξ ∈ RP ∩ NQ and therefore ξ = 0. So J is invertible and,
hence, Q = J−1PJ . The lemma follows. □

It follows from the lemma that P (m) and Q(m) have the same rank for large
negative m and hence the same rank for all m. □

Remark 5. (1) may have a generalized exponential dichotomy on Z− with projec-
tions P (k) and Q(k), but the exponents may be different if RP (k) ̸= RQ(k) (note
we saw in Proposition 4 that if RP (k) = RQ(k), the exponents are the same).
Consider (10) with 1

4 < γ < 1
2 . We know this system has a generalized exponential

dichotomy with projection P1 and exponent α = log 2. Let Q(k) be the projection

with range spanned by v(k) =
(

c0γ
k

1

)
, where c0 = 2

4γ−1 , and null-space spanned by

e2 = ( 01 ). Then, Q(k) =

(
1 0

c−1
0 γ−k 0

)
is bounded on Z−.

We show that (10) has a generalized exponential dichotomy on Z− with projection
Q(k) and that | log(2γ)| is the largest possible exponent. To begin we see that RQ(k)
is invariant under A(k) and that RQ(k + 1) + A(k)(NQ(k)) = R2. To prove the
exponential estimates, we observe first that
(15)

|Φ(k,m)v(m)| = 2k−m|v(k)| = 2k−m

√
c20γ

2k+1√
c20γ

2m+1
|v(m)| = (2γ)k−m

√
c20+γ−2k

√
c20+γ−2m

|v(m)|.

Now since 0 < γ < 1, we have 0 ≤ γ−2m < γ−2k ≤ 1 for m < k ≤ 0, and hence

|Φ(k,m)v(m)| ≤ (2γ)k−m

√
c20 + 1√
c20

|v(m)| =

√
c20 + 1

c20
e−| log(2γ)|(k−m)|v(m)|,

noting that log(2γ) < 0 since 0 < 2γ < 1. Now, suppose that K ≥ 1 and δ > 0
exist such that |Φ(k,m)v(m)| ≤ Ke−δ(k−m)|v(m)|. Then, from (15) we have

(2γ)k−m

√
c20 + γ−2k√
c20 + γ−2m

|v(m)| ≤ Ke−δ(k−m)|v(m)|

that is, √
c20 + γ−2k√
c20 + γ−2m

≤ Ke−(δ+log(2γ))(k−m) ∀m ≤ k ≤ 0.
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Taking k = 0 and letting m → −∞, we see that δ + log(2γ) must be ≤ 0. Next, as
e2 = v(m)− c0γ

me1, we have

(I −Q(k))Φ(k,m)e2 = (I −Q(k))Φ(k,m)[v(m)− c0γ
me1]

= −c0γ
m(I −Q(k))Φ(k,m)e1 = −c0γ

m(I −Q(k))2m−ke1

= −c0(2γ)
m2−k[−c−1

0 γ−k]e2 = (2γ)m−ke2

and then

|(I −Q(k))Φ(k,m)e2| = (2γ)m−k|e2| = e| log(2γ)|(k−m)|e2|.

We conclude that equation (10) has a generalized exponential dichotomy with pro-
jections Q(k) and exponent | log(2γ)|, and this is the largest possible exponent.

Note that log 2 − | log(2γ)| = log(4γ) > 0 since 4γ > 1. So when the projection
is Q(k), the exponent cannot be taken as α = log 2.

In the case of a system on Z− with a generalized exponential dichotomy, we have
not been able to classify all the possible projections. However, if the system has an
exponential dichotomy, we can find all the projections with respect to which the
system has a generalized exponential dichotomy.

Proposition 6. Assume (1) admits an exponential dichotomy in Z− with projec-
tions P (k) and exponent α.

Let V be any complement of W−(0) = NP (0). Then, (1) admits a generalized
exponential dichotomy with exponent α with respect to any bounded projection Q(k)
such that

RQ(k) = Φ(0, k)−1(V ), k ≤ 0.

Conversely, if (1) has a generalized exponential dichotomy with projection Q(k),
then RQ(0) is a complement of W−(0) = NP (0) and the exponent in the generalized
exponential dichotomy can be taken as α.

Proof. Let V be any complement of W−(0) = NP (0). Then, from Proposition 3.4

(ii) in [1] we see that there is a family of invariant projections P̃ (k) with respect to
which (1) admits an exponential dichotomy with exponent α and

N P̃ (0) = NP (0) , RP̃ (0) = V.

Then by invariance we see that

RP̃ (k) = Φ(0, k)−1(RP̃ (0)) = Φ(0, k)−1(V ) for any k ≤ 0.

Then, applying Proposition 4, we see that (1) admits a generalized exponential
dichotomy with respect to any family of bounded projections Q(k) having the same

range as P̃ (k) and with exponent α. Thus, the proof of the first part is concluded.
Conversely, suppose (1) has a generalized exponential dichotomy with projection

Q(k). Then, we know from Proposition 5 that Q(k) has the same rank as P (k).
Next, by Proposition 1 (v), RQ(k) ∩ NP (k) = RQ(k) ∩ W−(k) = {0} so that
RQ(k)⊕NP (k) = Rn. In particular, RQ(0) is a complement of W−(0) = NP (0).

Let P̃ (k) be the projection with the same range as Q(k) and null-space NP (k).

Then, P̃ (k) is invariant and (1) has an exponential dichotomy with respect to P̃ (k)
and with exponent α. It it follows from Proposition 4 that the exponent for Q(k)
can also be taken as α. □
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4. Correction of an error

In [1] we state the following theorems:

Theorem 2. Suppose (1) has an exponential dichotomy on k ≥ m with projection
P (k) of rank r, where m ≥ 1. Then, the exponential dichotomy can be extended to
k ≥ 0 with P (k) unchanged for k ≥ m if

(16) dim (Φ(m, 0)−1(RP (m))) = r.

Conversely, if (1) has an exponential dichotomy on k ≥ 0 with projection of rank
r, then (16) holds.

Remark 6. Let W+(0) be as in (7). Since

sup
k≥0

|Φ(k, 0)ξ| < ∞ ⇐⇒ Φ(m, 0)ξ ∈ RP (m) ⇐⇒ ξ ∈ (Φ(m, 0)−1(RP (m))),

it follows that W+(0) = (Φ(m, 0)−1(RP (m))). Hence, (16) is equivalent to dim
W+(0) = r.

Theorem 3. For m < 0, suppose (1) has an exponential dichotomy on k ≤ m with
projection P (k) of rank r. Then,

(i) (1) has an exponential dichotomy on k ≤ 0 with projection of rank r if, and
only if, Φ(0,m) is one to one on NP (m);

(ii) (1) has an exponential dichotomy on k ≤ 0 with projection P (k) for k ≤ m
if, and only if, Φ(0,m) is one to one on NP (m) and N (Φ(0,m)) ⊆ RP (m).

Remark 7. Let W−(0) be as in (7). We claim that W−(0) = Φ(0,m)(NP (m)).
This follows from the facts that y(k) is a bounded solution on k ≤ 0 if, and only
if, y(m) ∈ NP (m) and y(0) = Φ(0,m)y(m). Since dim NP (m) = n− r, it follows
that Φ(0,m) being one to one on NP (m) is equivalent to dimW−(0) = n− r.

To begin we show by an example, that the part of the statement of Theorem
2 saying that the projection can be taken unaltered for k ≥ m is not true in
general. We use the fact that it follows from invariance that if (1) has an exponential
dichotomy on k ≥ 0, then NP (1) = Φ(1, 0)(NP (0)) ⊆ R(Φ(1, 0)).

Example 1. Now consider system (1), where

A(0) =

(
0 1
0 1/2

)
, A(k) =

(
2 0
0 1/2

)
, k ≥ 1,

which has an exponential dichotomy on k ≥ 1 with projection

P (k) =

(
0 0
0 1

)
, k ≥ 1

of rank r = 1. We have Φ(1, 0) = A(0) and

R(A(0)) = span{2e1 + e2}, RP (0) = span{e2}, A(0)−1(RP (0)) = span{e1},

where e1 = ( 10 ), e2 = ( 01 ). Since dim A(0)−1(RP (0)) = 1 = r, it follows that the
dichotomy can be extended to k ≥ 0. However, NP (1) = span{e2} is not a subset
of R(A(0)) and so the dichotomy cannot be extended without changing NP (1).

The purpose of this section is to correct the statement of Theorem 2 as follows.
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Theorem 4. Suppose (1) has an exponential dichotomy on k ≥ m with projection
P (k) of rank r, where m ≥ 1. Then, the exponential dichotomy can be extended to
k ≥ 0 if, and only if, (16) holds. Moreover, the projection P (k), for k ≥ m, can be
taken unchanged if, and only if, in addition,

(17) NP (m) ⊆ R(Φ(m, 0)).

Proof. To begin we prove the necessity of the conditions. Suppose the dichotomy
can be extended to k ≥ 0 and let P̃ (k), k ≥ 0, be the new projection. A priori

we only know that RP̃ (k) = RP (k) for all k ≥ m. Then, as proved in [1, Remark
1-iv)], we have

Φ(m, 0)−1(RP (m)) = Φ(m, 0)−1(RP̃ (m)) = RP̃ (0)

and hence dimΦ(m, 0)−1(RP (m)) = r. Furthermore, suppose P̃ (k) = P (k) for

any k ≥ m. Then, N P̃ (m) = NP (m) and so Φ(m, 0) : N P̃ (0) → NP (m) is an
isomorphism. Hence, it follows immediately that NP (m) ⊆ R(Φ(m, 0)).

Now we prove the sufficiency by induction on m. To start we prove the case
m = 1. Suppose that (1) has an exponential dichotomy on k ≥ 1 with projection
of rank r and that (16) holds with m = 1.

Let V be an (n− r)-dimensional linear subspace such that

Rn = A(0)−1(RP (1))⊕ V.

Since N (A(0)) ⊆ A(0)−1(RP (1)), we have N (A(0)) ∩ V = {0} and, hence, A(0) :
V → W := A(0)(V ) is one to one and onto. In particular, dimW = n− r. Next we
prove that W ∩ RP (1) = {0}. Indeed, suppose that x ∈ W ∩ RP (1). Then, there
exists v ∈ V such that x = A(0)v. Hence, v ∈ A(0)−1({x}) ⊆ A(0)−1(RP (1)).
Then, v = 0, and so x = 0, and the claim is proved. It follows that

Rn = RP (1)⊕W.

Let P̃ (1) be the projection such that

RP̃ (1) = RP (1), and N P̃ (1) = W.

Then, it follows from Lemma 4.1 in [1] with U = A(0)−1(RP (1)) that the dichotomy

can be extended to k ≥ 0 with projection P̃ (1) at k = 1 and with P̃ (0), and the
projection with range U and null-space V , as the projection at k = 0.

Finally, suppose that NP (1) is a subset of R(A(0)). Then, we take V as an
(n− r)-dimensional subspace such that A(0)(V ) = NP (1) and V ∩N (A(0)) = {0}.
If x ∈ A(0)−1(RP (1))∩V , A(0)x ∈ RP (1)∩NP (1) so that A(0)x = 0 and, hence,
x = 0 since A(0) is one to one on V . Thus, A(0)−1(RP (1)) ∩ V = {0} and so
Rn = A(0)−1(RP (1))⊕V . Thus, we may take W = NP (1) in the argument above,
and it follows from Lemma 4.1 in [1] with U = A(0)−1(RP (1)) that the dichotomy

can be extended to k ≥ 0 with projection P (1) at k = 1 and with P̃ (0), and the
projection with range U and null-space V , as the projection at k = 0.

To continue the induction proof, we assume the theorem is true for m−1 ≥ 1 and
prove it for m. So we are assuming (1) has a dichotomy on k ≥ m with projection
P (k) such that (16) holds. It follows as in the proof of Theorem 4.3 in [1] that
dim Φ(m, 1)−1(RP (m)) = r. By the induction hypothesis, (1) has a dichotomy on
k ≥ 1 with some projection P̄ (k). Then it follows again as in the proof of Theorem
4.3 in [1] that dim A(0)−1(RP̄ (1)) = r and so, by the m = 1 case, the dichotomy
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can be extended to k ≥ 0 with possibly another change of projection. We continue
to denote this projection as P̄ (k).

Suppose now that NP (m) ⊆ R(Φ(m, 0)) holds. Note that for k ≥ 0,

RP̄ (k) = W+(k) =

{
ξ : sup

ℓ≥k
|Φ(ℓ,m)ξ| < ∞

}
.

In particular,

(18) Rn = W+(m− 1)⊕N P̄ (m− 1),

where N P̄ (m−1) = Φ(m−1, 0)(N P̄ (0)). Since Φ(m, 0) = Φ(m,m−1)Φ(m−1, 0),
it follows that NP (m) ⊆ R(Φ(m,m − 1)). So by the m = 1 case, the dichotomy

can be extended to k ≥ m − 1 with projection P̃ (k) such that P̃ (k) = P (k) for

k ≥ m with N P̃ (m− 1) as any V such that

Rn = Φ(m,m− 1)−1(RP (m))⊕ V = W+(m− 1)⊕ V.

It follows from (18) that we may take V = N P̃ (m − 1) = Φ(m − 1, 0)(N P̄ (0)).

We have now extended the dichotomy to k ≥ m− 1 with the projection P̃ (k) with

P̃ (k) = P (k) for k ≥ m and with P̃ (m−1) as the projection with range W+(m−1)
and null-space V ⊆ R(Φ(m − 1, 0)). By the induction hypothesis, we can extend

the dichotomy to k ≥ 0 without changing P̃ (k) for k ≥ m− 1 and, hence, without
changing P (k) for k ≥ m. The proof is complete. □

Remark 8. According to Theorem 3 above, if (1) has an exponential dichotomy
on k ≤ m < 0, then the exponential dichotomy can be extended to k ≤ 0 if and only
if, Φ(0,m) is one to one on NP (m). Of course, this condition is equivalent to

dimΦ(0,m)(NP (m)) = n− r

since dimNP (m) = n − r. Moreover, it is also proved that the projections can be
taken so that they are unaltered for k ≤ m if, and only if,

N (Φ(0,m)) ⊆ RP (m)

which is the counterpart of (17) when k ≤ 0.
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