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A B S T R A C T

In this paper, the structural behavior of a stone cantilever (or cascade) staircase is investigated
through an integration of strain monitoring and numerical modeling. The originality of this work
is in the first ever application of this combined approach, where numerical modeling is integrated
with actual strain measures on a historic cantilever staircase subjected to controlled loading. The
main challenge is indeed modeling a complex staircase geometry together with unknown actual
boundary conditions. The Museum of the City of New York staircase, composed of marble treads,
is used as case study. Fiber-optic sensors are installed in the intrados of a representative tread. Ex-
perimental strain data are collected under human loads, with different loading schemes. A 3D
solid finite element model of the staircase, where each tread interacts with the adjacent ones
through contact, is used to simulate the loading cases. Various boundary conditions are consid-
ered and compared with the experimental data, allowing to identify the most plausible actual
boundary condition of the treads. Experimental strain data and numerical results show a good
agreement. Consequently, new insights on the structural behavior of stone cantilever stairs and
their outstanding structural performance are gathered.

1. Introduction
Stone cantilever stairs are a magnificent example of cultural heritage structures. They are composed of a sequence of monolithic

stone treads anchored to the wall on one end only, although each tread supports the one above it. Thus, the term “cantilever” is incor-
rect from a structural point of view, and some have proposed to call them “cascade stairs” reflecting the load path of vertical shears
from tread to tread [1]. Nonetheless, it has been commonly used since the XIV century to refer to stairs with a free end [2]. Stone can-
tilever stairs can be found in historical buildings with either a straight or spiral arrangement on flat or curved walls, respectively (Fig.
1). Typically, the stone treads may have a rectangular (“unrebated treads”) or triangular (“rebated treads”) cross-section [3]. In par-
ticular, the latter forms a smooth and plain underside (“soffit”) of the staircase. The embedment of treads within the wall is typically
around 10–15 cm, i.e., significantly shorter than the length of the treads, which can reach 2 m, making these stairs remarkably im-
pressive.
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Fig. 1. Stone cantilever stairs. Left: example of straight unrebated treads found in Milos, Greece. Right: example of spiral Palladio's stair at the Academia in Venice,
Italy.

The earliest surviving examples of stone cantilever stair, according to [4], can be found in the Cyclades, Greece, and were con-
structed between 500 and 300 BCE (see an example in Fig. 1, left). Stone cantilever stairs were famously reintroduced by Andrea Pal-
ladio (see, e.g., Fig. 1, right), and they became a standard form of construction in Europe from the XVI century [5]. Hence, many ex-
amples of stone cantilever stairs can be found all over the world, and most of them are still in use today.

In order to preserve stone cantilever stairs for future generations [6], as well as assess their structural safety (as they are currently
utilized and the loads might be increased due to changed intended uses), advanced structural analysis approaches [7,8] have been
lately developed to get structural insights on these fascinating structures. Indeed, common engineering practice tools are unusable for
this kind of structure.

A very simplified solution to the problem was firstly proposed by Heyman [9], although limited to cantilever stairs of modest
flight. The structural analysis of thin shell spiral staircases by means of trust network analysis has been firstly conducted by Block
[10]. A more advanced solution based on a rigid no-tension shell model has been proposed by Angelillo [11,12], with a focus on both
masonry [11] and monolithic block [12] stairs. This approach allowed studying the equilibrium of staircases based on purely com-
pressive stress fields. Such no-tension shell model has been also applied to a tuff masonry spiral vault with a central pillar in [13]. An-
other solution based on the assumption that a series of space linear arches, which represent elliptical helixes confined by the exterior
wall, bear the load has been proposed in [14]. The effects of concentrated loads on open-well masonry spiral stairs have been investi-
gated in [15]. Additionally, a method to evaluate the effects of potential settlements on masonry helical stairs has been introduced in
[16].

Although such solutions are rigorous [17], they are based on several mechanical hypotheses which might be difficult to remove to
generalize the problem solutions. In this context, numerical strategies [18–22], and in particular contact-based approaches [23–25],
might be an appealing choice to generalize the solutions for stone cantilever stairs, as they are able to deal with complex geometries
and boundary conditions, as well as potential defects. One first step forward in this direction has been made in [3], where the discrete
element method (DEM) has been employed to perform virtual experiments, evaluating the mechanical behavior of straight and spiral
staircases under deadload, live loads and settlements. Additionally, parametric DEM simulations on cantilever spiral staircases have
been recently discussed in [2], with the hypothesis of solid rigid treads, allowing for the investigation of a wide range of structural be-
haviors possible between the fixed and simply supported conditions of the treads. Despite the significant advancements in the analysis
of the structural behavior of stone cantilever stairs, none of the existing structural analysis approaches has been somehow validated
against real structures, e.g., utilizing actual experimental measurements.

In this paper, the structural behavior of a stone cantilever staircase is investigated through an integration of strain monitoring and
numerical modeling. The originality of this work consists in the novel integration of numerical modeling with actual strain measures
on a historic cantilever staircase, with unknown actual boundary conditions, subjected to controlled loading. The Museum of the City
of New York staircase, composed of marble treads, is used as case study. Fiber-optic sensors, almost invisible to the naked eye, were
installed in the intrados of a representative tread. Experimental stain data are collected under moving human loads, with different
loading schemes. Then, a 3D finite element model of the entire staircase, where each tread interacts with the adjacent ones through
contact-based interactions, is used to simulate the loading cases. Various boundary conditions are assumed and compared with the ex-
perimental data. Strain monitoring under controlled loading and the application of the same load sequence to the numerical model al-
lows indeed a straightforward comparison.

This paper is structured as follows. Section 2 presents the research aim of this study. Section 3 describes the case study, the sensors
set-up, the loading conditions, as well as the numerical modeling adopted to simulate the staircase. Section 4 shows the results and
discusses the comparison between experimental and numerical outcomes. Section 5 discusses the conclusions of this study.

2. Research aim
This study represents the very first contribution integrating advanced numerical modeling with actual strain measures on a real

stone cantilever staircase, with unknown actual boundary conditions, subjected to controlled loading. The research aim is to shed
light on true structural behavior of these complex structures. To achieve this aim it is thus fundamental to validate quantitatively the
numerical model through experimental data. Once validated, the numerical model might serve as basis for the development of the
digital twin of the staircase. Furthermore, deformable treads (interacting with contact laws) are considered for the first time, allowing
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for stress and strain analyses. Particularly, the stress flows and distributions appear more informative on the structural behavior than
simple reaction forces (e.g., torque) in such complex structures. Finally, beyond showing the dependency of the results on various pa-
rameters, the experimental data obtained under controlled loading are used as reference to identify the most plausible actual bound-
ary conditions of the treads in the staircase and explain its overall structural behavior and outstanding performance.

3. Monitoring and numerical modeling
3.1. Museum of the City of New York staircase

The cantilever staircase in the Museum of the City of New York (MCNY), composed of 36 marble treads, is adopted as case study
due to its impressive slenderness and availability. Located at 1220 Fifth Avenue in Manhattan, the museum is currently housed in a
neo-Georgian building designed by Joseph H. Freelander and completed in 1932. The semicircular cantilever staircase in the main ro-
tunda is a central feature of the building and a graceful example of this structural system. MCNY recently completed a decade-long
renovation project that included structural changes to the staircase, where a curved I-beam was installed to replace the segment of
supporting wall that was removed to create two new openings, one for a window and another for a doorway (Fig. 2). The MCNY stair-
case is composed of triangular cross-section treads with rounded mortared connections (Fig. 2), made of Imperial Danby marble.

3.2. Strain monitoring and loading conditions
In the framework of the structural health monitoring (SHM, [26–28]) of the staircase, seven fiber-optic strain sensors were ini-

tially installed on the soffit of the stair treads, and only three sensors are relevant for this study. Simple bare Fiber Bragg Grating
(FBG) fiber-optic strain sensors consisting of single polyimide-coated FBG were used. The sensors were prestressed and glued at the
two ends to the marble treads. In particular, a silane moisture-curing polymer (Loctite Go2® Gel) was utilized as adhesive, being com-
pletely and easily removable from marble substrates. The clear distance between the glued ends of each sensor, i.e., the gauge length
of each sensor, was 10 cm. The repeatability precision of the sensor was evaluated to 0.1 με. Given that all tests were performed in-
doors, in a short term (less than 30 min per test), the temperature during the test was considered constant and there was no need for
thermal compensation of the sensors [29,30]. However, small thermal variations in the air next to sensors could affect the measure-
ments and introduce inaccuracy; nevertheless, they were estimated to be less than 0.1 °C in absolute value, resulting in an error of
±0.8 με. This error, combined with the repeatability precision of the sensor, resulted in limits of error or approximately ±1.0 με. As
the geometry of the treads is repeated uniformly, one tread only is considered as representative. Particularly, the fifteenth tread from
the bottom is selected as representative and the three considered sensors are directly attached to it, see Fig. 3 (top).

Sensors 1 is installed along the axis of the tread length on the line that bisects the soffit to measure strain induced by bending. It is
installed at a third of the distance from the free end. Sensor 2 and Sensor 3 are oriented 45° to the bisecting line, and 90° relative to
each other, closest to the fixed end, and crossing the decorative indent as shown in the magnified portion in Fig. 3. This crossed topol-
ogy is expected to be sensitive to both shear and torsion.

A group of sixteen Princeton students (Fig. 3) volunteered to apply different loading schemes to the staircase. In particular, two
load cases (labeled as LC-DOWN and LC-UP) have been considered. In LC-DOWN, four subgroups of four students with similar cumu-
lative weight were identified, while in LC-UP four subgroups of two students of similar cumulative weight were identified (Table 1).
Each subgroup was expected to stand on a single tread. In LC-DOWN, the four students of each subgroup were distributed along the
full length of the tread, while in LC-UP the two students of each subgroup were distributed only on the half-length closer to the free
end. In LC-DOWN, the subgroups started from the top of the stairs and moved one step down at a time in subsequent treads, until the
last subgroup stepped off. In LC-UP, the subgroups started from the bottom of the stairs and moved one step up at a time in subsequent

Fig. 2. The Museum of the City of New York staircase. Historic photograph (left, credit: Samuel H. Grottscho, 1934, Gottscho-Schleisner Collection, Library of Con-
gress, Prints and Photographs Division), installation of sensors (center), detail of the treads connection (right).
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Fig. 3. Sensors distribution on the fifteenth tread (top) and example of human load (bottom), with a magnified portion showing the cross-topology sensors.

Table 1
Weights involved in the load cases.

Load case Subgroup 1 Subgroup 2 Subgroup 3 Subgroup 4

LC-DOWN 270 kg 274 kg 276 kg 297 kg
LC-UP 171 kg 168 kg 166 kg 159 kg

treads. Before moving any step down or up, fiber optic strain measurements were collected. In the following, the strain data recorded
by means of FBG fiber-optic sensors are referred to as experimental data.

3.3. Numerical modeling
A finite element model of the entire staircase, where each tread is idealized as a 3D solid deformable body interacting with the ad-

jacent ones through contact-based interactions, is developed (Fig. 4). The first and the last treads of the staircase have not been mod-
eled as fixed to the floors, and clamped boundary conditions have been adopted on the surfaces of the treads adjacent to the non-
modeled treads. Each tread is discretized by means of 2302 four-node tetrahedral finite elements with linear shape functions on edges
(average mesh size equal to 4.6 cm), adopting a linear elastic isotropic constitutive law. A Lagrange multiplier contact method, char-
acterized by “hard” contact and frictional response, is enforced between the treads by means of a node-to-surface master-slave contact
formulation. The mechanical characterization has been carried out by considering Imperial Danby marble properties, i.e. 70 GPa for
Young's modulus, 0.2 for Poisson's ratio, and 2700 kg/m3 for material density, as well as a friction coefficient equal to 0.6, which ac-
counts for the mortared connections between treads. It appears worth to mention that preliminary analyses highlighted a negligible
influence of the friction coefficient on the results.

The complex rounded mortared connections between treads (Fig. 2, right) have been simplified by two surfaces with a sharp an-
gle. The artistic indent highlighted in Fig. 3 has been explicitly inserted only in the considered tread (fifteenth tread) for the sake of
simplicity. Based on the construction details of the staircase, it is not clear whether the connection between the treads and the wall is
fully fixed, flexibly fixed, or simply supported (pinned). Also, there is possibility that some treads have fully fixed ends, some flexibly
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Fig. 4. Numerical model and boundary conditions.

fixed ends, and some simply supported ends. Creating numerical models that can simulate all possible scenarios would be impractical
(for example, if we consider only fixed-end and pinned connections, the total number of models would be 236>1000000000). Thus,
to get insights on structural behavior of staircase, while keeping the analysis simple, only three different boundary conditions have
been considered for the model (Fig. 4). In particular, the case NUM-fix conceives fixed-end boundary conditions at the wall, while the
case NUM-sup adopted simply supported (pinned) boundary condition at the wall end, as highlighted in Fig. 4 (the red lines highlight
the positions of the nodes where all the spatial displacements have been restrained). Beyond these two extreme cases, the hybrid case
NUM-hyb is also considered. It is characterized by all simply supported treads with the exception of the three treads above (but not
adjacent to) the considered one, which were modeled with fixed-end conditions. Although this case has not a direct physical link to
the real staircase, it is here used to show whether variations in the structural response can be observed while varying the boundary
conditions over a few treads close (but not adjacent to) the considered tread. Multi-step static nonlinear analyses are performed by
changing the loads position at each step to reproduce the load sequence (in the further text referred to as pseudo-time) of the experi-
ment. The load cases are simulated by means of vertical pressure loads distributed on the top surface of each tread, with different
pseudo-time histories for each tread set to reproduce the experimental load sequence. Moreover, in LC-DOWN the pressure is distrib-
uted on the full top surface of the tread, while in LC-UP the pressure is distributed only on the half-surface closer to the free end. Nu-
merical strain data are derived from the displacements extracted in the positions in which the sensors were glued to the tread.

4. Results and discussion
The comparison between experimental and numerical results is shown in Fig. 5 in terms of strain measurements along with the

load sequence for both LC-DOWN and LC-UP. Firstly, it is worth highlighting a few aspects of the experimental response. All strain
measurement magnitudes are very low, below 8 με (i.e., very small strains in general). Sensor 1 shows a positive strain peak at around
pseudo-times 22 and 15 for LC-DOWN and LC-UP, respectively (i.e., when students are just above the considered tread), while the rest
of the response shows an almost-null strain. Accordingly, the tread is subjected to tension in the location of Sensor 1, which is a condi-
tion far from the hypothesis of cantilever beam. Sensor 2 and Sensor 3 show strain measurements much higher than Sensor 1 (Fig. 5).
Negative strain peaks are measured by Sensor 2 at around pseudo-time 24 (13) for LC-DOWN (LC-UP), being the response up to
pseudo-time 20 (after pseudo-time 18) with almost-null strain. Sensor 3 shows a change of strain sign in both LC-DOWN and LC-UP,
being the magnitude of positive and negative peaks comparable. Given the inclination of the tread soffit, the aspect of non-
symmetrical sensors response between Sensor 2 and Sensor 3 appears reasonable.

By comparing the experimental results with the numerical ones for Sensor 1, both NUM-sup and NUM-hyb show positive strain
peaks in agreement with the experimental ones (for both LC-DOWN and LC-UP), while the case NUM-fix shows extremely small
strains that change sign repeatedly. The comparison for Sensor 2 shows that NUM-fix is the only case that does not show any change
of sign in the response. This agrees with the experimental response, although the case NUM-hyb shows a main negative strain peak
preceded (followed) by a much smaller positive strain peak for LC-DOWN (LC-UP). Conversely, NUM-sup shows significant positive
strains before (after) the negative strain peak for LC-DOWN (LC-UP), showing a response rather far from the experimental one. Fi-
nally, the comparison for Sensor 3 shows that the only case which is able to show a change of strain sign with positive and negative
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Fig. 5. Results comparison: LC-DOWN (left) and LC-UP (right). The pseudo-time is an indication of the load sequence.

strain peaks comparable in magnitude is NUM-hyb, as NUM-fix shows only negative strain measurements and NUM-sup is character-
ized by magnitudes of negative strain much higher than positive ones, for both LC-DOWN and LC-UP cases. Hence, the case NUM-hyb
characterized by hybrid boundary conditions appears to better fit the experimental response for the three sensors, for both load cases.
Indeed, while the limits of error of strain measurements (±1 με) are relatively high compared with the measured strain (<8 με), only
in the case NUM-hyb the difference between the measured strain and the modeled strain is almost systematically within the limits of
error. Some discrepancies were noted, and they can be attributed to the limitations in simulating the real boundary conditions, which
may be different from those accounted in the models. However, further tuning boundary conditions in the model for each tread to
perform full structural identification would require much more extensive analysis, which would lead to better agreement between
measurements and the model but would not significantly add to the insights resulting from the analysis performed in this paper.

Beyond the extraction of strain measurements, the adopted numerical modeling approach allows to gather additional information
about the contact stresses between treads (Fig. 6, with a color scale limited to 2 MPa to highlight the differences) and stress distribu-
tions along the treads (Fig. 7, with a color scale limited to −4 MPa to highlight the differences). In particular, the contact stresses be-
tween treads due to dead load are shown in Fig. 6 for NUM-fix, NUM-hyb, and NUM-sup. As it can be noted, contact stresses between
treads tend to be concentrated close to the free extremity, being much higher in NUM-sup and NUM-hyb than in NUM-fix. Accord-
ingly, the structural condition of the treads in NUM-sup and NUM-hyb is far from the hypothesis of cantilever beam, as also high-
lighted by the response of Sensor 1 that measures tension instead of compression (which would be the case of a cantilever scheme).
The minimum principal stress contour plots for NUM-fix, NUM-hyb, and NUM-sup at pseudo-time 20 is shown in Fig. 7 for the case
LC-DOWN. As it can be observed, no significant compressive stress flow is shown by NUM-fix, while a clear compressive stress flow is
observed close to the free end in both NUM-sup and NUM-hyb (the latter showing higher compressive stresses in the intrados of fixed-
end treads). Such compressive stress flow which goes from the top to the bottom is highlighted with a green-to-blue trace close to the
free end in Fig. 7 for both NUM-sup and NUM-hyb.

The results show important insights into the structural behavior of the stone cantilever stair. In the cases where the treads are not
systematically connected to the wall via full fixed-end connection (which is the most realistic case), the treads exhibit a behavior that
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Fig. 6. Contact stresses (pressure) between treads due to dead load, top view.

Fig. 7. Minimum principal stress contour plots at pseudo-time 20 (LC-DOWN), bottom view.

is similar to a beam having, in addition to the connection to the wall, a simple support close to the free end, i.e., at location where the
maximum contact stress occur. Given that the maximum contact stress occurs between the observed tread and both upper and lower
adjacent treads, they result in unbalanced forces that generate torsion in the tread. The force from the upper tread (i) is transmitted to
the considered tread, and part of this force is taken by the lower tread (ii) along with part of the force coming from the load applied to
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the considered tread (iii). Thus, only the imbalance from these three forces is taken by the considered tread and carried to the connec-
tion to the wall, resulting in bending moments, shear forces, and torsional moment. Reducing the loading in treads (by transmitting
part of it to lower tread, i.e., by transferring it successively from tread to tread all the way down to the basis) and engaging torsion in
treads, both contribute to reducing stresses in treads, and explains their great structural performance, i.e., excellent load-carrying ca-
pacity.

5. Conclusions
In this paper, the structural behavior of a stone cantilever staircase has been investigated through an integration of strain monitor-

ing and numerical modeling. The Museum of the City of New York staircase, composed of marble treads, served as a case study. This
application represents the first ever integration of numerical modeling with actual strain measures on a historic cantilever staircase,
with unknown actual boundary conditions, subjected to controlled loading. Fiber-optic sensors were installed in the intrados of a rep-
resentative tread and experimental stain data were collected under moving human loads, with different loading schemes. Beyond the
discussion of the experimental results, this paper aimed to validate quantitatively a numerical model of the staircase through experi-
mental data. To this end, a 3D finite element model of the whole staircase based on contact interactions, has been used to simulate the
loading cases considering various boundary conditions. The comparison between experimental and numerical results allowed to iden-
tify the most plausible actual boundary condition of the treads, given the good agreement of results obtained. Accordingly, the nu-
merical model might serve as basis for the development of the digital twin of the staircase. Innovatively, deformable treads interact-
ing with contact laws were concerned, allowing for stress and strain analysis of the staircase. Such results deepened the knowledge of
the structural behavior of these complex cultural heritage structures, and they appeared sufficiently accurate given the agreement
with experimental outcomes.
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